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SOLID GEOMETEY. 



CHAPTER I. 

INTEODUCTORT THEOBEMS. 

1. The position of a point in space is usually deter- 
mined by referring it to three planes meeting in a point. 
This point is called the origin, the three planes the co- 
ordinate planes, and their three lines of intersection the 
co-ordinate axes. The point of intersection of the three 
planes is usually designated by the letter 0, and their lines 
of intersection by the letters Ox, Oy, Oz. They are called 
the axes of x, y, and z respectively, and the planes yOz^ zOx, 
xOy are called the planes of yz, zx, ooy respectively. If the 
three planes of yz, zx, xy, and consequently the three lines 
Oxy Oy, Ozy are at right angles to each other, the co-ordinates 
are said to be rectangular, and in all other cases oblique. We 
shall generally make use of rectangular co-ordinates, but in 
some cases the proofs and the results obtained will hold good 
equally whether the axes be at right angles or not. 

2. The position of any point P relatively to these three 
planes is known, if its distance from each, measured parallel 
to the intersection of the other two, be known. 

For let PHy PK, PL be drawn through P parallel to 
Oxy Oy, Oz respectively to meet the planes of yZy zx, xy in 
HyKy L ; and let a plane through PL, PK, which by Euclid, xi. 
15, is parallel to the plane of yz, meet Ox in Jf. Let also a 
plane through PH, PL meet Oy in N, and a plane through 
PHy PK meet Oz in K Then if KRy KM be joined, KMOR 
is obviously a parallelogram, and KR therefore equal to OM. 
Similarly RKPH is a parallelogram, and KR equal to PH. 

A. a ^ 
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Hence PH is equal to OJf, and similarly PL to OR, PK to 
ON, If therefore we measure off from Ox^ Oy, Oz, respec- 
tively, lengths OMf ON, OR equal to the given distances of 
P from the co-ordinate planes, and through Jf, N, R draw 
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planes parallel to those of yz, zx, xy, these planes will inter- 
sect in P, the position of which is therefore determined. The 
lengths PH, PK, PL, or OM, ON, OR, which are equal to 
them, are called the co-ordinates of P, and are usually de- 
noted by the letters x, y, z. 

3. If the line M be produced through to x, and from 
Ood we cut off a length OM' equal to OM, and repeat the 
preceding construction, we obtain a point P' whose absolute 
distances from the three co-ordinate planes are the same as 
those of P. We must therefore have some convention to 
enable us to distinguish between these two points. The 
following is usually adopted. 

The co-ordinates are considered positive if measured in 
one direction along the aaes from 0, and negative if Tneasured 
in ike opposite. 

The positive directions for the three axes are usually 
taken to be those represented in the figure by Ox, Oy, Oz, 
and the negative directions to be Ox', Oy', Oz, 

It will be seen that the whole of space is divided by the 
co-ordinate planes into eight compartments, and the signs of 
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the co-ordinates of any point indicate in which of these com- 
partments it is situated, while their absolute magnitudes 
indicate its position in that compartment. Thus the co-ordi- 



X 



— X 



nates of a point whose absolute distances from the co-ordinate 
planes are a, /3, 7 are represented by (a, /3, 7), (—a, /9, 7), 

(a, -A 7), (a, )8, - 7), (a, -A -7), (- «, )8, -7), (- a, -A 7), 
(—a, — /3, —7), according as the point lies in the compart- 
ment OicyZy Ox'yZf Oxy'z, Oxyz\ Oxyz\ Oxysf, Ooiy'z, Ox'y'z, 
respectively. 

4. To find the distance of a point from the origin in terms 
of its co-ordinates. 

In this and Articles 5, 6 and 8 the co-ordinates are sup- 
posed rectangular. 

Let P be the point, x, y, z its co-ordinates. Through P 
draw planes parallel to the co-ordinate planes and forming 
with them a parallelepiped of which OP is the diagonal and 
Pi the edge through P parallel to Oz, 

Join OP and OL. Then since PL is parallel to Oz which 
is perpendicular to the plane of xy, PL is perpendicular to 
the plane of xy, and therefore to the line OL which lies in 
that plane. (Euclid, XL Def. 3.) 

Hence OP" = OL' + PL\ 
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(2), 



But OL'=OM' + ML'; 

.'. OP' = 0]iP + Mr + Pr = a? + y^ + ^ (1). 

5. Let a, /8, 7 be the angles between OP and the axes 
of X, y, z respectively. Join PM, Then since Ox is perpen- 
dicular to the plane PLM, it is perpendicular to PM. 

Hence 

OM'^ OP cos POM= OP cos a ; or a? = r cos a' 

Similarly, 

Oi\r = OP cos POi\r= OP cos /3; ory = rcos/3 

OR = OP cosPOR = OP cos 7; or ^ = r cos 7 

X, y, z being the co-ordinates of P, and OP being denoted 
byr. 

Squaring and adding, we get 

OW + ON^ + OW = OP^ (cos* a + cos* ^ + cos* 7), 
or taking account of (1), 

1 = cos'a + cos'/8 + cos*7 (3). 

The letters Z, m, n are frequently used to denote cos a, 
cos ft cos 7, which are called the direction-cosines of the line 
OP, It is usual to denote by a, /8, 7 the angles which OP 
makes with the positive directions of the axes, in which case 
the formulae (2) hold for all positions of the point P. 
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6. To find the distance between two points whose co-ordi- 
nates are given. 

Let P and Q be the two points; a?^, y^, z^\ x^y y,, z^ their 
co-ordinatea Join FQy and through P and Q draw planes 




parallel to each of the co-ordinate planes, thus forming a 
parallelepiped whose edges are parallel to the co-ordinate axes, 
and are equal in length to ^a — ^i , y^ — ^i, -s:, — ^j, respectively. 

As in Art. 4, we obtain 

PQ» = Pfl^^-hffiV^' + jyQ» 

We have also formulae similar to those of equation (2), 
a, /8, 7 being the angles between PQ and the lines drawn 
through P parallel to the axes, viz. 

PH=x^ — a?j = PQ cos a = lr \ 

PM=y^-y^ = PQ cos fi = mr> (5), 

PL ==z^'-'Z^ = PQ cos 7 =nr J 

where r represents the length of PQ^ and Z, m, n are the 
direction-cosines of PQ, 
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7. To find the co-ordinates of a paint which divides the 
straight line joining two given points in a given ratio. 

Let P, Q be the two given points, and R the point in PQ 




which divides PQ in the given ratio of n^ to n^ Let ^i, y^, -s^, 
be the co-ordinates of P, co^, y,, -^j those of Q, x\ y\ z those 
of P. 

Draw PM^ RH, QK parallel to the axis of z to meet the 
plane of ay in M, H, K, These points all lie in one straight 
line, namely that in which a plane through PQ parallel to 
the axis of z cuts the plane of ayy. Draw PEF parallel to 
MHK to meet RH in E and QK in P. 



Then 
Also 



PM = z,, RH = z\ QK^z^. 
RE PR n. 



QF PQ n,+n,' 



z ^ z. 



or 



1 



n. 



*a ^1 



Wj + W, 

whence / (n^ + w,) = n^z^ + njs^ ; 

Wj + n, 
Similarly it may be shewn that 

n^ + Wg * ^ ^1 + ^2 
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If jR be the middle point of PQ, n^==n^y and we have 

2 '^~ 2 ' 2* 

8. jTo find the angle between two straight lines whose 
direction-cosines are given. 

Since by Euclid, xi. 10, the angle between any two straight 
lines is equal to that between any other two respectively 
parallel to them, we need only consider the case of two lines 
through the origin. 

Let OP, OQ be the two lines ; l,m,n the direction-cosines 




of OP; V, triy n' those of OQ, Let ^i, y., -sr^, be the co-ordi- 
nates of P any point in OP ; ^g, y^, -s^j those of Q any point 
in OQ, 

Then by Art. (6) 

Pe»= (0^,-0;/ + (y,-2^,)' + (^,-^J» 

But by Art. (4) 

< + yi' + ^i" = OP", 
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And by Art. (5) 

oc^=OP.h y^ = OP,m, z^ = OP.n, 
a^,= OQ.l\ y, = OQ.m\ z,= OQ.vf; 

and .'. x^x^ + y^y^ + z^z^ = OP . OQ (IV + mm' + nri). 

Hence PQ^ =0P'+ OQ' - 20P . OQ {W + mm' + nn"). 

But by Trigonometry we have from the triangle OPQ 

PQ' = OP' + OQ' - 20P . OQ . cos POQ. 
Comparing these two expressions for PQ', we get 

cos POQ = ZZ' + mm' + W (6). 

The formulae (1), (3), (4) and (6) are of very frequent use, 
and should be carefully remembered by the student. 

From (6) we can deduce 

sin* POQ = 1 - («' + mm' + nny 

= (l' + m' + n'){P + m'' + n") - (IP + mm' -^-nny 
= {mn' - mn)' + [nV - n'lf + {Vm! - Vm)\ 

9. If from the ends of a straight line PQ of limited 
length there be drawn perpendiculars on a fixed plane and 
the feet of these perpendiculars be joined by a straight line, 
the joining line is called the prelection of PQ on ike plane. 
Thus in the figure to Art. (6) if the edges LP, QN of the 
parallelepiped PKQM be produced to meet the plane of xy 
in JS and F, EF is the projection of PQ on the plane of ayy, and 
is equal and parallel to PN, Also 

PiV^=PQ cos QPiV^. 

But QPN is equal to the angle which PQ makes with the 
plane of xy. Hence we derive the theorem : 

The projection of a straight line of limited length on a 
given plane is equal to the length of the line multiplied by the 
cosine of the angle between the line and plane. 

If from the angular points of a triangle we draw perpen- 
diculars on a fixed plane the feet of these perpendiculars form 
a triangle which is called the projection of the given triangle 
on the fixed plane. 
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Let PQJR be the triangle. Through R draw a plane RJSS 
parallel to the plane on which the projection is made. 

Let PQ produced meet this plane in S. Draw PK per- 




pendicular to RS, and PH and QL perpendicular to the 
plane RHS. Then RHL is equal to the projection of PQR on 
the given plane. 

Join HK, then it follows, from Euclid, xi. 8, that RS is 
perpendicular to the plane PKH and therefore to KH. 
Hence PKH is the angle between the plane PQR and the 
plane on which the projection is made. Let this angle 
be^. 



Then 



Similarly 
Therefore 



AHRS=^iSR.HK 

= ^SR.PKcos0 
= APSR . cos 0. 
ARSL = AQSR . cos 0, 
ARHL = APQR . cos 0. 



Hence the projection of a triangular area on a fixed plane 
is eqvxil to the area of the triangle multiplied hy the cosine of 
the angle between the plane of the triangle and the fixed 
plane. 

The proposition can easily be extended to axL^ ^\aKL^ ^;:t<b^ 
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10. If again from P and Q we draw perpendiculars on 
some fixed line, the portion of the second line intercepted 
between the feet of these perpendiculars is called the projec- 
tion of PQ on the fixed line, and the following theorem holds : 

The projection of a straight line of limited length on a 
second straight line, is equal to the length of the first line muU 
tiplied by the cosine of the angle between the two lines ; under- 
standing by the angle between two lines which do not meet, the 
angle between any two lines parallel to them which do meet 

This theorem is proved as follows : 

Let PQ be the line of limited length, and AB the line on 
which it is to be projected. Through P draw PR parallel, 
and PA perpendicular to AB, Through Q draw a plane 
perpendicular to AB meeting AB in B, and PR in R. Join 
QR, RB, BQ. Then AB is the projection of PQ, for AB is 
perpendicular to QB which lies in the plane QBR. Then 




since PR is parallel to AB, which is perpendicular to the 
plane RBQ, PR is also perpendicular to this plane and there- 
fore perpendicular to QR and RB, Hence PRBA is a paral- 
lelogram, and therefore AB = PR. But PR = PQ cos QPR, 
since PRQ is a right angle. 
Therefore 

AB = PQ cos QPR, 

the theorem required. 

11. If we take any two points, P, Q, and draw from P 
in any direction a straight line PR of any length, from R 
a straight line RS, and join SQ ; and from P, jB, 8 and Q 
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11 



draw perpendiculars PA, RC, SD, QB on AB; AC, CD and 
DB will be the projections of PR, RS and SQ on AB ; and 
as long as A, C, D, jB fall in the order represented in the 
figure, the arithmetic sum of these projections is equal to 
AB, the projection of PQ. The same would be true if we 
had taken any number of lines between P and Q. If how- 
ever G fall to the right of D, or (7 or i) fall to the right of 




A C 



D B 



jB or to the left of A, this will be no longer the case. We 
may a^ee to consider the projection of a line to be equal 
to its length multiplied by the cosine of the angle which 
it makes with the second line, those angles being always 
taken which are formed by the successive lines PR, RS, SQ 
with AB towards the same part. Thus if D come to the 
left of C, the angle between RS and AB will be obtuse, and 
the projection of RS will be negative. And since 

AG -- CD ■}- DB = AB, 

we still have the theorem that " the algebraical sum of the 
projections on a given line, of a series of lines by which we 
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pass from one point to a second, is equal to the projection 
on the same line, of the straight line joining the two points. 

This statement may be illustrated thus. Suppose a point 
to move from P to Q along PR, RS, SQ, and from each 
of its successive positions imagine a perpendicular let fall 
on AB. As the point moves along PR, the foot of this 
perpendicular will move along AB from A towards B, or 
in the opposite direction, according as the angle between 
PR and AB is acute or obtuse, and the length traversed 
by it along AB is the projection of PR, and is positive if it 
travels from A towards B, and negative if in the opposite 
direction. It is clear that as the moving point passes from 
P to Q, the foot of the perpendicular will pass from A to B, 
and hence AB which is the projection of PQ will also be the 
algebraical sum of the distances travelled by the foot of the 
perpendicular, or of the projections of PR, RS, SQ, The 
same theorem will be obviously true if instead of three lines 
we have any number. By the angle between PR and AB 
is meant the angle which would be formed if from any point 
were drawn lines in the directions of PR and AB. Thus 
the angle between PR and AB is the supplement of that 
between RP and AB. 

12. By means of the result of the last Article, another 
proof of the formula (6) of Art. 8 can be obtained. 
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K, in the figure of that Article, QN be drawn parallel 
to the axis of 2: to meet the plane of xy in N, and Nm drawn 
parallel to Oy to meet Ox in M, it follows that the pro- 
jection of OQ on OP is equal to the sum of the projections 
of OM, MN and NQ on OP, that is, if ^ be the angle POQ, 
and Z, m, w ; f, m', n' be the direction-cosines of OP and OQ 
respectively, 

OQcose^-OM.l^-MN.m + NQ.n 

= OQ.l\l + OQ,mf.m + OQ.n'.n; 

/. cos = U' + mm' + nn\ 

13. To find the distance of a point from the origin when 
the corordinates are oblique. 

The formulae of Arts. 4, 5, 6 and 8 were obtained on the 
supposition of rectangular co-ordinates. Let Ox, Oy, Oz be 
oblique axes, and P any point. Through P draw planes 
parallel to the co-ordinate planes to meet the axes in M, 
N, R ; and jom OP. The ratios of OM, ON and OR to OP 




r 

will be clearly the same whatever be the position of P, pro- 
vided it lie in the same straight line through 0. These 
ratios are called the direction-ratios of the line OP, and are 
usually denoted by the letters Z, m, n. We then get formulae 
corresponding to those of Art. (5), 

x=^l.OP, y^m.OP, z=^n.OP. 



i 
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Again, let \, /m, v be the angles between (Oy, Oz\ {Oz^ Ox), 
{Ox, Oy). Then we have, if PL be the edge of the paral- 
lelepiped through P parallel to Oz, 

OU = OSP + Mr - 20M. ML cos OML 
sso^ + y' + 2xy cos v. 

And OP" = or + PU - 20L . PL cos OLP. 

But the projection of OL on 0-B is equal to the sum of 
the projections of OM and ML on OR, or by Art. 9, 

OL cos ROL = OJlf cos /Lt + ML cos \ = - OL cosOLP ; 

and therefore 

OP^ =^a? + y^ + 2^ + 2yz cos X + 2zx cos fi + 2ajy cos v. 

Combining this with the formulae x = l. OP, y =m.OP, 
^ = n . OP, we get 

1 = Z* + m' + w^* + 2mn cos \ + 2nl cos /Lt + 2Zm cos v...(l), 

the relation which holds between the direction-ratios of any 
straight line. 

In the same manner we could shew that the distance be- 
tween two points ^1, y^, ^j; ^2» ^a* ^% is 
<a?,-^,)"+(y,-y/ + (^,--^,)*+2(y,-y,)(^,-^Jcos\ 

+ 2(z^- z^ (x^ - x^ cos /Lt + 2 {x^ - x^ (y, - y^) cos v. 

And as in (8) that the cosine of the angle between two lines 
whose direction-ratios are Z, m, n ; X, m!, n' is 

IV + mm + nn' + (mn' + m'n) cos \ 

+ (nZ' + n7) cos /Lt + {Im' + Z'm) cos j/. . . (2). 

14. The volume of the parallelepiped of which OP is the 
diagonal is evidently equal to the product of the area of the 
parallelogram OMLN into the perpendicular from jB on the 
plane of xy. If be the angle between OR and a line per- 
pendicular to the plane of xy, this volume would equal 

Oif. OiV sin i/xOiJ cos ^ 
= xyz . sin J/ . cos 6. 

But if l, m'y n* be the direction-ratios of the line through 
perpendicular to the plane of xy, since it is perpendicular 



INTRODUCTORY THEOREMS. 15 

to Ox and Oy whose direction-ratios are (1, 0, 0), (0, 1, 0) 
respectively, we have, by formula (2) of the last Article, 

Z' + m'cosi/ + n'cos/Lt = (1), 

Z'cosi/ + m' + w'cos\ = (2). 

And since it makes an angle with Oz whose direction-ratios 
are (0, 0, 1) we have 

7i' + Z'cos/A + m'co8\ = cos^ (3). 

From these, since by formula (1) of the last Article 

V (P + m cosv-h v! cos fi) + m' {m + n' cos X + Z' cos v) 
+ n' (w' + ? cos /Lt + m' cos \) = Z** + m'* + n'* 

+ 2mV cos \ + 2n7' cos /a + 2Z'm' cos v = 1, 

we have n'cos^ = 1 (4). 

And from (1) and (2) we have 

V m^ n* 

cos fi — cos \ cos J/ cos \ — cos fi cos 1/ cos' J/ — 1 

cos'X + cos*'*/Lt + cos' 1/ — 2 cos X cos /a cos v — 1 ^ ^ ^* 
whence we get 
cos' ^ sin' J/ = 1 — cos'X — cos'/Lt — cos'j/ + 2 cos X cos /a cos i/. 

And the volume of the paraHelepiped becomes 

ipy«>/l — cos'X— cos'/Lt — cos*z/+ 2 cosX. cos/lc. cos v. 

The volume of the tetrahedron cut oflf from the co-ordi- 
nate axes by a plane through R, M, N, is evidently one-sixth 
of the above expression. 

15. The position of a point in space is sometimes de- 
termined by means of polar co-ordinates. Thus if Ox, Oy, 
Oz be rectangular axes and P any point, the position of P is 
clearly determined if we know OP the distance of P from 
the origin; the angle POz which OP makes with a fixed 
line the axis of z ; and thirdly, the angle between the plane 
through OP and Oz and some fixed plane through Oz, as the 
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plane of zx. These are called the polar co-ordinates of P 
and are usually denoted by the letters r, Q, <L They are 
connected with the rectangular co-ordinates of r* referred to 
the axes Ox, Oy, Oz by very simple relations which can 
be obtained thus. Draw PN parallel to Oz to meet the 
plane of xy in N, and NM parallel to Oy to meet Ox in M, 
Join ON, 

Then 

X = 0M= ON cos = OP sin cos (f> = r sin cos <f>, 
y = MN= ON sin (f> = OP sin ^ sin <^ = r sin ^ sin ^, 
z = PN= OP cos0 = r cos 0, 

from which we can obtain the equivalent system 

tan^ = ^^^±2, 
z 

tan 6 = ^ ; 
^ X 

which give r, 0, ^ in terms of x, y, z. 
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EXAMPLES. CHAPTER I. 

1. Find the distances between each pair of the points 
whose co-ordinates are (1, 2, 3), (2, 3, 4), (3, 4, 5) respectively. 

2. Prove that the triangle formed by joining the three 
points whose co-ordinates are (1, 2, 3), (2, 3, 1), (3, 1, 2) 
respectively is an equilateral triangle. 

3. The direction-cosines of a straight line are propor- 
tional to 1, 2, 3 ; find their values. • 

4. The direction-cosines of a straight Une axe proper- 
tional to 2, 3 and 6 ; find their values. Find also the angle 
between this line and that in question (3). 

5. Find the angle between two straight lines whose 
direction-cosines are proportional to 1, 2, 3 and (5, —4, 1) 
respectively. 

6. A, B, G are three points on the axes of w, y, z 
respectively ; if OA = a, OB = b, OG = c, find the co-ordi- 
nates of the middle points of AB, BG and GA respectively. 

7. In the last question find the co-ordinates of the 
centre of gravity of the triangle ABG and the distances of 
this point from A, B, G respectively. 

8. Shew that if D, ^ be the middle points of BG, GA in 
the last question, DE = J BG. 

9. Find the distance between two points in terms of their 
polar co-ordinates. 

10. The co-ordinates of a point are {JS, 1, 2 JS) ; find 
its polar co-ordinates. 

11. The polar co-ordinates of a point are [4, ^, ^j ; 
find its rectangular co-ordinates. 

A. a "i* 



CHAPTER II. 

THE STRAIGHT LINE AND PLANE. 

16. Before proceeding to find the equations of the 
straight line and plane, we must examine the nature of the 
locus represented by an equation of the form 

F{x,y,z) = (1). 

Solving with respect to z we obtain 

where z may have one or more values for each set of values 
of X and y. Hence if we take any point in the plane of xy 
whose co-ordinates are a, h we get one or more values of z^ 
that is, the straight line drawn through the point (a, h) 
parallel to the axis of z will meet the locus in one or more 
definite points. Hence the equation (1) must represent 
a surface and not a solid figure. 

Two equations 

F^{x,y,z)=^0, 

F^(x,y,z) = 0, 

considered as simultaneous will be satisfied by the co-ordi- 
nates of all the points of intersection of the two surfaces 

^1 (^> yy ^) = 0, 
F^{x,y,z) = 0, 

that is, wiU represent a line. 

The simplest line with which we are acquainted is the 
straight line, and the simplest surface the plane. It would 
perhaps be more logical to find the Equation of the plane 
first, and then, since any two planes intersect in a straight 
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line, the equations of two planes considered as simultaneous 
would represent a straight line. The equations of a straight 
line can however be obtained most simply without reference 
to that of a plane, and we shall therefore invert the ap- 
parently natural order. 

17. To find the equations of a straight line. 

Let Z, m, w be the direction^cosines of the straight line, 
a, /S, 7 the co-ordinates of some fixed point in it, and ar, y, z 
those of any other point in it. Also let r be the distance 
between these points. Then by Art. (6) we have 

x — a = lr, y — y8 = mr, z — ^ = nr^ 

^a^y-^^^-7^^ (1). 

These are the symmetrical equations of a straight line. 
If Ay B, C be any quantities which are proportional to I, m, n, 
we can replace these equations by 

~r'~iB~^~G ^"^^^ 

but these fractions are no longer equal to r. Conversely any 
equations of the form (2) represent a straight line whose 
direction-cosines are proportional to A, B, G. The values of 
these direction-cosines can be found ; for supposing them to 
be I, m, n, we have 



I _m, _n _ jP-\-m^ + n^ _ 



A B G ^A' + B' + C JA' + B' + C^' 
The equations (2) can be also written thus : 

(^ ^f ^ \ 

Or writing 

B ^ B G G 
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which are the simplest forms of the equations of a straight 
line, and useful in many cases. The student is however ad- 
vised especially to attend to the forms (1) and (2). 

The equations in (3) are those of planes drawn through 
the line parallel to the axes of z and y respectively, the inter- 
sections of which with the planes of ocy and zx are the pro- 
jections of the given line on those planes. (Art. 19.) 

18. To find the equations of a straight line passing 
through two given points. 

Let ayl3, y; a', /S', y be the co-ordinates of the two given 
points. 

By the last article the equations of any straight line 
through (a, /8, 7) can be written in the form 

^^y-l^,_-y 

But if the line also pass through the point (a', ^, 7') we 
must have 

a^^^^^^y^-y 

t m n ^ 

Dividing each member of (1) by the corresponding mem- 
ber of (2), we get as the equations required 

19. To find the equaticm of a plane. 

Let OD be drawn perpendicular on the plane from the 
origin, and let the length of OD be ^, and Z, m, n its direc- 
tion-cosines. Let P be any point in the plane. Then since 
OD is perpendicular to the plane it is perpendicular to PD, 
Hence OD is the projection of OP on OD. 

Draw PM parallel to Oz to meet the plane of xy in M, 
and MN parallel to Oy to meet Ox in N. Then the projec- 
tion of OP on OD is the sum of the projections of ONy NM 
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and MP on OD. But these are Ix, my, nz, respectively, and 
the projection of OP on OD is jp. Hence 

lx'\- my-\-nz^p (1); 




a relation which is satisfied by the co-ordinates of any point 
in the plane, and therefore the equation of the plane. 

If the plane is perpendicular to one of the co-ordinate 
planes, as for instance that of ayy, OD will lie in that plane, 
and we have 7i = 0. Hence the equation in that case be- 
comes 

lx + my=^p (2), 

and does not contain the variable z. 

If the plane is perpendicular to two of the co-ordinate 
planes, as those of xy and zx, i = 1, m = 0, ri = 0, and the 
equation becomes 

x=^p (3). 

These results are geometrically evident. 

20. To find the eqvution of the plane in terms of its in- 
tercepts on the axes. 

This can be deduced from the equation (1) in the last 
article, but may also be obtained independently thus. 

Let the plane cut the axes in A, B^O; and let any plane 
parallel to that of yz cut the co-ordinate planes of zx, xy in 
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tte lines RN^ NQ, and the given plane in RQ. Let P be 
any point in RQ and therefore any point in the plane. Then 
by Euclid, xi. 16, the lines RN, NQ, QR are parallel to the 
lines CO, OB and BO, respectively. Draw JPM parallel to 
RN to meet QN in M. 

LetOiV=a?, NM=y, MP^^z, OA = a, OB=^b, OG=^c. 

Then by similar triangles 

PM MQ^^^NM 



Also 



Hence 



RN NQ ^ NQ' 
RN _AN_NQ 
CO ^ AC^BO' 
PM m_AN_NM NQ 
RN^ CO "AO NQ^ BO' 
PM MN^AN ^ ON 



CO ^ BO AO 



AO' 



-+!+-=! 



or - + ^ + - = 1 (4). 

a c 

21. All these forms of the equation of the plane are in- 
cluded in the form 

Ax + By + Cz^D (5). 

Conversely we can shew that any equation of the form 
(5) represents a plane. 
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For let a, y8, 7 ; a', y8', 7' be the co-ordinates of any two 
points in the locus represented by (5). The equations of the 
straight line joining these two points are 

a'-a'"i8'-/8"7-7 ^ ^' 

But since (a, /8, 7), (a', ff, 7 ) lie on (5) we have 

-4a + jB/3 + 07 = A 

Subtracting, il (a-a') +£(/3-/3') + (7(7-7') =0. 
And therefore by (6) 

where a?, y, z are the co-ordinates of any point in the line (6), 
or Ax + By -\- Gz= AoL + B/S + Cry = D. 

Hence a?, y, z, the co-ordinates of any point in the line 
(6), satisfy the equation of the locus. That is, if any two 
points be taken in the locus of (5) and be joined by a straight 
line, this straight line lies wholly in that locus. Therefore 
the surface represented by (5) is a plane. 

An equation of the form 

Ax + By^D 

represents a plane perpendicular to the plane of xy, and an 
equation of the form 

Ax^D 

represents a plane perpendicular to the axis of x (Art. 19). 
These are particular cases of (5), and may be obtained from 
it by making first G to vanish, and secondly both B and G 
to vanish. 

22. To find the distance from the origin of the point 
at which the plane (5) cuts the axis of x we must put y = 

and z = 0. We thus obtain Ax = D or a? = -r; or if this 

A ' 

distance be called a, -j = ct. Similarly ^ = 6, 7=? = ^ ; ai^d 
substituting for A, B^ G in (5) we get 
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a c 

X y z ^ 
or - + ^ + - = 1, 
a c 

the equation found in Art. 20. 

23. By Art. 19 it appears that every plane can be repre- 
sented by an equation of the form 

Ix-^-my -{-nz^^p, 

where I, m, n are the direction-cosines, and p the length, of 
the perpendicular from the origin on the plane. But 

represents a plane. Hence if these represent the same plane^ 
we have 

Also P + m' + n' = l; 

A 



.-. 1 = 



m = 



w = 



and p = 



jA' + B'-^-C* 
B 

JaF+WTc^' 

G 
D 



jA' + B'-i-C' 

Thus the direction-cosines of the perpendicular from the 
origin on the plane 

Ax + By + Gz = D 
are proportional to A, B, G, and the length of the perpendi- 
cular is , ^ ^ . 

jA' + ff+G" 

24. The angle between any two planes whose equa- 
tions are 

Ax + By + Gz^ D, 

A'x + Fy + G'z^D', 
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is the same as the angle between the perpendiculars on them 
from the origin. But the direction-cosines of these perpen- 
diculars are (Art. 23) 

A _ B C 

Jir+W+C^' jA'+B'-^-C JA^ + B' + C 

A' B G 



and the cosine of the angle between the planes is therefore 
equal to 

AA'A-BR+Ca 

JA' + B'+C'Ja'^ + B'+C"' 

The condition that the two planes should be at right 
angles is therefore 

AA' + BB+CCr^O. 

The conditions that they should be parallel may be 
obtained by equating the cosine of the angle between them 
to unity. It will be found that this leads to the con- 
ditions 

A'^B^ G" 

These may be also obtained independently from the con- 
sideration that the direction-cosines of the perpendicular on 
the one plane are proportional to -4, JB, 0, and those of 
the perpendicular on the other to A\ B, G'\ and if the 
planes be parallel, and consequently the perpendiculars from 
the origin on them coincident, we must have -4, 5, C pro- 
portional to A\ By G\ or 

A'~ B^G'' 

26. The equation of a plane through a point (a, y8, 7) 
parallel to the plane 

Ax-^By^-Gz^B (1) 

is easily seen to be 

^(^-a) + £(y-/8) + a(«-7)=0, 

or -4a? + %-hG2r = ^a-hJBy3 + C7 (2). 
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For this equation does represent a plane parallel to (1) by 
the last article, and it is satisfied by the values 

Now the length of the perpendicular from the origin on 
the plane (1) 

D 

^JA' + B' + C 

and the length of the perpendicular from the origin on the 
plane (2) is similarly 

Aa+^±Cy 

jA' + ff + C' 

The diflference of these, or 

jA^ + ff-^C ' 

is the length of the perpendicular from the point (a, /8, 7) on 
the plane (1). 

If we take the equation of the plane in the form 

Ix + my + nz —p = 0, 

the numerical value of the length of the perpendicular from 
any point (a?, y, z) on this plane is 

± (te + my + nz — jp). 

It is easily seen that the expression 

Ix + my -{-nz — p 

is positive if the point (a?, y, z) is on the opposite side of the 
plane from the origin, and negative when the point (x, y, z) 
is on the same side of the plane as the origin. If the ex- 
pression be denoted by a, the length of the perpendicular 
from any point on the plane 

a = 

is + a or — a, according as the point and the origin are on 
the same or opposite sides of the plane. 

26. If we take four planes forming a tetrahedron whose 
equations are 

a = 0, i8 = 0, 7 = 0, 8 = 0, 
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all expressed in the form 

fe + 'my + nz —p = 0, 

any other plane may be represented by the equation 

loL + m^ + W7 + 5S = 0. 

For this represents some plane, being of the first degree in 
a?, y, z, and smce it contains three arbitrary constants, namely, 
the ratios of three of the quantities I, m, w, q to the fourth, 
it may be made to satisfy three conditions, and may therefore 
be made to represent any plane. 

This method of representing planes may be developed in 
a similar manner to that used for straight Hues in Plane Co- 
ordinate Geometry (Todhunter's Conic Sections, Chap. rv.). 
Thus the equations of the two planes bisecting the angles 
between the planes a = 0, y8 = 0, will be 

a-y8 = 0anda + /8 = 0, 

the former bisecting that angle within which the origin lies, 
and the latter the supplementary angle. 

Any equation which is not homogeneous in a, y8, 7, 8, can 
be rendered so by means of the relation 

where V is the volume of the tetrahedron, and A, B, C, JD 
the areas of its faces. This equation merely states that the 
algebraic sum of the four tetrahedra whose vertices are at the 
point (a, y8, 7, S) is equal to the fundamental tetrahedron. 

27. If a straight line 

x-a_ y'-p _ z-fi . . 

A " B " G ^ ^ 

is parallel or perpendicular to a plane 

A'x^-Fy^CTz^D (2), 

it is perpendicular or parallel respectively to the perpen- 
dicular on that plane, whose direction-cosines are proportional 
to A\ R, C. 

The condition that (1) may be parallel to (2) is therefore 

AA''\-BF + GG'^0, 
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and the conditions that (1) may be perpendicular to (2) are 

28. It is often requisite to know the length of the per- 
pendicular on a given straight line from a given point. 

Let the equations of the straight line be 

A " B " G~ ^^^' 

and let a', y8', y be the co-ordinates of the given point. 
The equation of any plane through (a', fi", y) is 

\(a?~a') + M(y-/3') + j;(2r-7') = (2). 

If this plane be perpendicular to (1) we have 

and its equation becomes 

4(a:-a0 + £(2/-y80 + O(i5-7') = (3). 

The point where this plane meets the line (1) is evidently 
the foot of the perpendicular from (a', /8', 7') on (1). 

Let then P be the point (a, /8, 7), P the point (a , /8', 7'), 





of 



and Q the foot of the perpendicular from P' on the line (1); 
therefore PQ is the perpendicular from P on the plane (3), 
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and we have p^^^^a^ ^a)^BiP^ ^&)^CW -^) ^ 
and P'Q^ = Pr"" - PQ» by the right-angled triangle P'QP; 

A^ + ff + C 

29. To find the conditions that a straight line may lie 
wholly in a given plane. 

Let a?-a_y~^_^-7 

be the equations of the line, 

A'x + Ry + Cz^D (2) ' 

the equation of the plane. 

Put each of the fractions in (1) equal to k. 

Therefore 

x = a + Ak, y = ^ + Bk, z = y + Gky 

and if the line (1) lies wholly in (2), these values of a?, y, z 
must satisfy (2) whatever be the value of k. Hence the 
equation 

^'a+F/8 + a'7-D + (^^' + £F + OC')A; = 0, 

must be satisfied independently of k. This gives us the two 
conditions 

^'a + 5'/3 + (77-D = 0, 

AA'-\-BF+Gff^O. 

The first of these equations denotes that the point (a, )8, 7) 
lies in the plane (2), and the second that the angle between 
the line (1) and the perpendicular on the plane (2) is a 
right angle. These are evidently necessary and sufficient 
conditions. 

30. To find the shortest distance between two straight 
lines whose equations are given. 

We must first prove that the shortest line between two 
given straight lines is perpendicular to each of them. 
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Let BC, AD he the two straight lines, and AB a line 
perpendicular to each of them. Tten AB is clearly shorter 
than the line joining A with any other point of BC, and 
also than the line joining B with any other point of AD. 
Let P be any point in AD^ and Q any point in BG, Then 




P 

PA and QB are both perpendicular to AB, and therefore AB 
is the projection of PQ on AB, and is equal to the length 
of PQ midtiplied by the cosine of the angle between them, 
and is therefore less than PQ, since the cosine of any angle 
is less than unity. 

'-^-'-^-'-^ (». 

A' ~ B ~ G ^■^^' 

be the equations of the two straight lines. Let the equation 
of any plane through (1) be 

P(a!-a) + (2(y-/8) + iJ(2-7) = (3). 

Then we have, since (3) contains (1), 

PA + QB + RG=0 (4). 

And if we take the plane through (1) to be also parallel 
to (2), we have 

PA'+QF + RO^O (6). 

From (4) and (6) we have 

P Q R 

BC'-FG CA'-C'A AF-A'B' 
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The equation of a plane through (1) parallel to (2) is 
therefore 

{BG^BC){x-'ayt {GA'- Cil)(y-/8)+ {AB--A'B){z^i)=0 (6). 

Similarly the equation of a plane through (2) parallel to 
(1) is 

(£C7-5'C)(a?-a')+(O^'-(ril)(y-/30+(^5'-^'£)(^-70=O(7). 

The length of the perpendicular from the origin on (6) is 

{Ba-'FG)a + {GA''-CA)^^-{AF^A'B)r^ 
J(BG - BCy + {GA' - GAY + {AB - A' By ' 

and the length of the perpendicular on (7) is 

{BG --BGid + {GA' -•GA)^ + {AB •- A'B)i 
J{BG - BGf + {CA' - GAf + {AB - A'B)" ' 

The difference of these, or 

{BG^ BG) (a-gQ + (g^ ~ GA) (/8-/y) + {AB-- A'B) (y-y ) 
7(5(7'- BGyTCGJ^GW'^WS^^^SnSy 

is clearly the perpendicular distance between the two given 
lines. 

The equations of the line AB can be obtained by finding 
the equations of two planes, one of which contains the straight 
line BG and is perpendicular to the plane (6), and the other 
contains the line AD and is perpendicular to the same plane. 
Each of these planes evidently contains the straight line AB, 
and their equations considered as simultaneous determine the 
line. The requisite conditions for the two planes will be 
found in Articles 24 and 29. 

31. To find the condition that two straight lines whose 
equations are given may intersect 

Let the equations of the straight lines be 

x-a _ y-P _ z-r^ 



A B G 

x — al __ y—P' _ g — 7' 
~A' B W~ 



.(2). 
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Then if they intersect, a plane can be made to pass through 
both of them. Let this plane be 

Px + Qy + Rz^D. 
Since this contains the line (1) we have, by Art. 29, 

Pa + Ql3 + Ry==^D (3), 

PA + QB + BG=:0 (4). 

And since it contains the line (2) we have 

Pa'+ Qff + Ri' = D (6). 

PA' + QE^-RC^O (6). 

From (3) and (5) we have 

P(a -a') + (2(/9-)8')+iJ (7-70 = (7), 

And eliminating P, Q, R from (4), (6) and (7) we get with 
the usual notation of determinants, 

A B C 

A' B C =0, 

<a-a ) (BC^RG)+(I3-I3') {CA'^C'A)+(y^') (AB'^A'B)=0. 

A result which might have been obtained from the last 
article by the consideration that if two straight lines intersect 
their shortest distance vanishes. 



•(8), 
(9), 



If the two straight lines be given by the equations 

Ax + By + Cz^D] 
A'x + B'y + Cz^iy 

Px+Q'y + Bz^S' , 

the condition of intersection is obtained from the considera- 
tion that these four equations must be able to be satisfied 
by the same values of x, y, z. The condition for this is 

A B G D 
A' B' C U 
P Q R 8 

F Of b: 8' 



= 0. 
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32. To find the equation of a plane passing through three 
given points and the volume of a tetrahedron whose angular 
points are given. 

Let sc^,y^, z^; ^j, ^a* -^sJ ^8» ^s* ^9 ^® *^® co-ordinates of 
the given points, and let 

Ax + By^-Cz^D 

be the equation of the plane passing through them. 

We must have therefore 

Ax,^'By^-¥Gz^-D = 0, 

Ax^ + By^-^Cz^-D^O, 

Ax^^By^-^Cz,'-D = 0, 

and if a?, y, z be the co-ordinates of any point in the plane, 
we have also 

Ax + By-\-Cz-D = 0. 

From these four equations, eliminating A, B, (7, D, we 
obtain 



=0 (1), 



which when expanded is the equation required. 

If the three points be P, Q, iJ, and 8 be any fourth point 
whose co-ordinates are x y^, «^, the volume of the tetra- 
hedron PQRS is one-third of the product of the area of the 
triangle PQR into the length of the perpendicular from 8 
on the plane PQR, 

The coeflScients of x, y, z in. the determinant in (1), by a 
well-known formula of plane co-ordinate geometry, are equal 
to double the projections of the area of PQR on the planes of 
yz, zx and xy, that is iiX, fi, v be the direction-cosines of the 
perpendicular on (1) and the area of PQR be represented 
by A, 

2\A = A, 2fiA = J8, 2i/A = (7, 

since the area of the projection of a plane figure on a second 
plane is obtained by multiplying by the cosine of the angle 
between the planes (Art. 9). 

A. G. ^ 



X 


y 


z 1 


'^x 


Vi 


z, 1 


a'. 


y. 


z^ 1 


^8 


y» 


^. 1 



34 



EXAMPLES. CHAPTEK II. 



Hence, squaring and adding, 

But if ^ be the perpendicular from x^, y^, z^ on the plane 

PQR, 

^ jA^ + ff + C ' 

Hence the volume of the tetrahedron required which 



1 

= ±6 



^4 
X. 



y* 


^4 


1 


Vi 


^, 


1 


y. 


^9 


1 


y. 


^8 


1 



since A, B, C, —D are the coefficients of x, y, z, 1 in the 
determinant (1). 

The result may be written more symmetrically 



(2). 





<^t 


Vx 


^1 


1 


-'4 




y, 
y. 




1 
1 




'^^ 


y< 


\ 


1 



If the fourth point be the origin, this formula reduces to 



^'^% 



X. 



yx h 
y» \ 



.(3). 



EXAMPLES. CHAPTER II. 

1. Find the equations of a straight line passing through 
the point (1, 2, 3)jind whose direction-cosines are proportional 

to ^^, 1 and 2 ^3. 

2. Find the equations of the straight line joining the 
two points whose co-ordinates are (1, 2, 3) and (3, 2, 1) re- 
spectively. 
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3. Find the equations of the sides of the triangle formed 
by joining the points (1, 2, 3), (3, 2, 1), (2, 3, 1). Deduce the 
values of the angles of the triangle. 

4. Find the equation of the plane which passes through 
the three points in the last question, and the length of the 
perpendicular on it from the origin. 

5. Find the equations of a straight line which passes 
through the point (1, 2, 3), and is perpendicular to the plane 

a; + 2y + 3« = 6. 

6. Find the equations of a straight line which passes 
through the point (1, 2, 3), and is perpendicular to the two 
straight lines in questions (1) and (2). 

7. Find the equation of a plane passing through two 
given points and perpendicular to a given plane. 

8. Find the equations of a straight line passing through 
the point (1, 2, 3) and parallel to the plane in question (4) 
and to the plane of xy, 

9. Find the equation of a plane passing through the 
point (2, 3, 4) and the straight line in question (1). 

10. Find the equations of a straight line drawn from 
the origin of co-ordinates at right angles to one given straight 
line, and making a given angle with another. If the given 
straight lines be at right angles to each other and the given 

angle be ^ , shew that there are two solutions, and that the 

two straight lines so found are at right angles to each other. 

11. Find the equation of a plane which passes through 
B, given point, and is perpendicular to each of two given 
planes. 

12. Shew that the equation of a plane in oblique co- 
ordinates can be put in the form 

X cos oL+y cos )8 + « cos 7 = jp, 

where p is the length of the perpendicular on the plane from 
the origin, and a, /8, 7 the angles which it makes with the 
axes. 



36 EXAMPLES. CHAPTER II. 

13. Shew that if a, ^, 7 be the angles between any 
straight line and the axes of co-ordinates, Z, m, n the direc- 
tion-ratios of the line, and X, /a, v have the meanings given 
in Art. 13, 

cos a = l + m cos v + n cos /a, 

cos ^ = m-\'n cos \ + l cos v, 
cos y = n-{-l cos /x + m cos X. 

14. Deduce the conditions that in oblique co-ordinates 
the straight line 

I m n 
may be perpendicular to the plane 

Ax + By + Cz = D, 

15. Shew that the locus of a point which moves so as 
always to be equidistant from two given points, is a plane 
which bisects at right angles the straight line joining the two 
points. 

16. What loci are represented by each of the equations 

f(x) = ; /(r) = 0; /(d) = 0; /(<^) = 0; 
where r, 0, (f) are the usual polar co-ordinates ? 

17. Interpret the equations : 

(I) «-0; (2) [IZl (3) {*-_l 

18. Find the polar equation of a plane. 

19. Find the angle between the two lines given by 

20. Three planes are at perpendicular distances PiiP^tPs 
from the origin ; three planes are drawn through the lines of 
intersection of any two perpendicular to the third ; shew that 
the last three planes will intersect in a straight line passing 
through the origin if 

p, cos A =pj cos B =p^ cos G, 
where A, B, C are the angles between the first three planes. 



EXAMPLES. CHAPTER II. 37 

21. Shew that through two given points (a, b, c), (a, b\ c), 
two planes may be drawn cutting oflf from the axes intercepts 
whose sum is zero ; and these two planes will be at right 
angles to each other if 

- - , + T F> + > = 0. 

a — a — c — c 

22. Find the cosine of the angle between the two straight 
lines represented by 

3 5 8^ 
+ =0. 



y—z z—x x—y 

23. Find the condition that the two straight lines whose 
direction-cosines are given by the equations 

J.Z + jBm + (7/1 = 0, 

may be at right angles to each other. 

24. If the co-ordinates of four points be a — by a — c, 
a-d; b — c,b—d,b — a;c — d,c — a,c — b; d — a,d — b, 
d — c, respectively, prove that the straight line joining the 
middle points of any two opposite edges of the tetrahedron 
formed by joining the points, will pass through the origin. 

25. Shew analytically that the least distance between 
two straight lines is perpendicular to each of them. 

26. The shortest distance between the lines 

x^a _ y-^^ _z^y _j x-a y-fi" _ z-y 

J anu J/ — — / 7 , 

t m n I m n 

intersects the latter in the point whose co-ordinates are 

a! + V cosec* 6{u +u cos 0), 

and two similar expressions where 6 is the angle between the 
lines and 

M = Z(a'-a) + m(/3'-/8)+n(7'-7), 

w=Z'(a--a') + m'(/8-)S')+^'(7-7)- 
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27. Prove that the straight lines joining the middle 
points of opposite edges of a tetrahedron all meet in a point 
and bisect one another. 

28. If X, y be the lengths of two of the straight lines 
joining the middle points of opposite edges of a tetrahedron, 
6) the angle between these lines, and a, a those edges of the 
tetrahedron which are not met by either of the lines, prove 
that 

a '^ a 

COSQ) = — -. . 

4iayy 

29. Find the shortest distance between the diagonal of 
a cube and any edge which it does not meet. 

30. Find the area of the triangle formed by joining the 
three points where the plane 



X y z ^ 
a c 



cuts the axes. 



31. From the origin are drawn three equal straight lines 
of length py such that the inclinations of the first to the axes 
of Xy y, z respectively, are the same as those of the second to 
y, z, Xf and of the third to z, x, y, A plane is drawn perpen- 
dicular to each of them through its extremity. Find the co- 
ordinates of the point of intersection of these three planes 
and the equations of the line joining it with the origin. 

32. A straight line is drawn from the origin to meet 
the straight line 

x — a__y — h__z — c 

I m n 

at right angles. Shew that its equations are 



X 



- y _ 



a — It b — mt c — nt* 

, ^ al + bm-^cn 

wnere t = -^ a r . 

r + m' + w' 
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33. Shew that by a proper choice of axes the equations 
of any two straight lines can be put in the forms 

z = c, y = mx ; z = — c, 1/ = — mx, 

34. If the co-ordinates of the points (x, y, z) and (f, 17, ^) 
be connected by the equations 

l=f i^y i=? 

7 ^ ' 7 z* y z* 

where c and 7 are given lines ; shew that if (x, y, z) he s^ 
point in a straight line whose direction-cosines are I, m, n, 
and which cuts the plane of xy at a point (a, 6, 0), then (f , 97, ^) 
will be a point in a straight line whose direction-cosines are 
X, fi, V, and which cuts the plane of f 17 in the point (a, )8, 0), 
where 

a = Z8, ^ = mS, 7 = w8, 

d being the distance of the point (0, 0, c) from the point 
(a, 6, 0), and S that of (0, 0, 7) from (a, /8, 0). Shew also that 
if the lengths of the two lines from the points where they 
cut the planes of xy and f 17 respectively be r and p, 

rp = c?8. 

35. Prove that the four planes my + nz =^ 0, nz + Ix = 0, 
los + my = 0, Ix-^ my -{-nz=p, form a tetrahedron whose 

volume is ..^ . 
Slmn 



CHAPTER III. 

4 

ON CERTAIN SURFACES OF THE SECOND ORDER. 

33. We have shewn that the general equation of the 
first degree represents a plane. Before proceeding to the 
discussion of the general equation of the second degree, we 
shall find the equations of certain special surfaces included in 
the class represented by the equation of the second degree. 

The Sphere. 

A sphere is a surface every point of which is at a constant 
distance from a fixed point called the centre The constant 
distance is called the radivs. 

Let a, 6, c be the co-ordinates of the centre, r the radius, 
X, y, z the co-ordinates of any point on the surface. Then 
the distance of the point (x, y, z) from the centre is equal to 

. J(x-ay-^(y^by+{z-cy. 

But this distance must equal the radius r. Hence for all 
points on the surface 

or (aj-a)» + (y-6)» + (^-c)» = r« (1), 

which is the equation required. 

Conversely any equation of the form 

a!'-^y'-\-z' + Ax + By + Cz + D=0 
represents a sphere. For it can be put into the form 
/ A\* / BV f ^ CV A' + B''\'C' J. 
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and, comparing this with (1), we see that it represents a 
sphere whose centre is at a point (~9">--9^>-"9) a-nd whose 
radius is 

34. The Gone. 

A cone is a surface generated by a straight line which al- 
ways passes through a fixed pqint called the vertex^ and through 
a fixed curve. 

We shall only discuss in this and the next Article the 
case when the fixed curve is a plane curve of the second 
degree. 

Take the plane of the curve as the plane of xy, and let 
the equation of the curve be 

Ax^+Cy^ + Ex^O (1), 

to which fomi the equation of any conic section can be re- 
duced ; and let a, )8, 7 be the co-ordinates of the vertex. 

The equations of any straight line through the vertex are 

a?-g_y-y3_ g-7 . . 

~l ^iT'^^ ^^^' 

when this meets the plane of xy we have « = 0, and therefore 

I o ^ 

n" ^ ^ n ' 

These values of x and y must satisfy the equation (1), 
since the line always passes through some point in the curve 
represented by (1). Hence we have 

or, multiplying by n*, 

A {rn — lif-k- C {n^ - rnr/f ■\- EninoL-lrfy^O. 
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This is a relation which must be satisfied by I, m, n if the 
straight line (2) meet the curve (1). But if (a?, y, z) be any 
point in (2) we have 

I _ m ^ n 
x — a y — /8 2^ — 7' 

Consequently, if (a;, y, z) be any point in any straight line 
joining (a, )8, 7) with some point of the curve (1), we must 
have 

• ^fa(5-7)-7(^-a)}«4-C{^(^-7)-7(y-W 

4- ^ (i^ - 7) { 2 (2: - 7) - 7 (a? - a) } = ; 

or reducing, 

A {oLz - 7^;)'+ C {fiz - 7^)'+ E^z-i) {iz - 70?) = 0. . .(3), 

which is therefore the equation of the cone. 

If we transfer the origin to the point (a, ^, 7) we must 
put 

x^x' + a, y = y+^, z^z -V^, 

and the equation becomes 

A {oLz'-r^xy + G{^z'-r^yJ + Ez {az -7a?') = 0, 

of which every term is of the second degree in x\ y\ z' , The 
equation of a cone of the second degree whose vertex is at 
the origin is therefore homogeneous. Conversely every homo- 
geneous equation of the second degree represents a cone 
whose vertex is at the origin. For let 

J°aj'+ Qf + Rz"" + Fyz-\- Qzx-\'R'xy = (4), 

be the equation. And let x.,y^, z^ be the co-ordinates of any 
point on the locus. Then the equations of the straight line 
joining (a?j, y^, z^ with the origin are 

^=2^ = £ (6). 

a;, y. \ 

But, since ^x^, y,, z^ is a point in (4), 
and therefore by (5), if {x, y, z) be any point in (5), 
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Hence every point on the straight line joining the origin with 
(^i> Vii ^i) li^ on the surface. Thus, the surface is generated 
by a straight line which always passes through the origin, and 
is therefore a cone. 

35. The Cylinder, 

A cylinder is a surface generated by a straight I'^ne which 
always passes through a fixed curve and remains parallel to 
itself. 

Let the plane of the curve be taken as the plane of asy, 
and let its equation be 

Aa? + Cy^-\'Ex=-0 (1). 

Also let Z, m, n be the direction-cosines of the straight 
line to which the generating line always continues parallel 
Let a, /3, be the co-ordinates of the point in the carve (1) 
through which any generating line passes. The equations of 
this line will therefore be 

I " m "n ^^^' 

Iz ^ mz 

n' ^ ^ n 

But a, P are the co-ordinates of some point in (1), and 
therefore we have by substitution 

or A {nx-hy-\'C(ny-'mzy-hnE{nx — lz) = (3), 

which, being a relation satisfied by the co-ordinates of any 
point in any one of the generating lines, is the equation of 
the surface. 

36. The Ellipsoid, 

The ellipsoid is a surface generated by a variable ellipse 
which always moves parallel to itself and has its vertices on 
two ellipses whose planes are perpendicular to each other and 
to. the plane of the moving ellipse, and which have one axis 
common. 
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Let the planes of the fixed ellipses be taken as the planes 
of zx and ayy, and the direction of their common axis as the 
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axis of X, The plane of the moving ellipse will be parallel to 
the plane of yz» 

Let CO A, AOB be the fixed ellipses, OA=a, OB = b, 
OC = c. And let RPS be any position of the moving ellipse, 
MR, MS its semi-axes, P any point in it. 

Draw PJV parallel to Oz to meet MS in If. 

Let OM = x, MN= y, NP = z. 

From the ellipse RPS, 



+ -, 



RM" ' MS" 

From the ellipse COA, 

RM'_ 0? 

From the ellipse AOB, 



2^-=i 



M^ 



a 



(1). 



(2). 



(3). 
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Whence substituting in (1) 

Ql? V' ^ 

a: V c^ ^ ^ 

If the two semi-axes 00 and OB be equal, it can be 
seen from (2) and (3) that MR and MS are also equal. 
Now an ellipse whose axes are equal is a circle. Hence 
the surface in this case would be generated by the revo- 
lution of the ellipse BOA round OA, and its equation 
becomes 

^.+ ^^ -1. 

The surface is called an oblate or prolate spheroid ac- 
cording as the semi-axis a is less or greater than b. If 
all the three semi-axes OA, OB, OC be equal, the equation 
becomes 

a^ + y» + ^ = a^ 

which shews that the surface in that case becomes a sphere 
whose centre »is at 0. 

37. The Hyperholoid of one Sheet 

The hyperholoid of one sheet is generated by a variable 
ellipse which moves parallel to itself and has its vertices on 
two hyperbolas whose planes are perpendicular to each other 
and to the plane of the moving ellipse, and which have a com- 
mon conjugate a^s. 

Let ^Q be one hyperbola in the plane of zx, BR the 
other in the plane of yz, and RPQ any position of the 
moving ellipse, RM and QM its semi-axes, and P any point 
on it. Let OA = a, OB = b, and OC, the common conju- 
gate semi-axis, = c. Draw PN parallel to MR to meet 
MQ in K Let OM = z, MN = x,NP=^ y. Then from the 
elUpse RPQ, 



MR'^MQ' ' 
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from the hyperbola AQ, — %- = 1 + -^ , 

Cb C 

from the hyperbola BR, -jj- = 1 + -g ; 




or 



a 






the equation required. 

38. The Hyperboloid of tfwo Sheets. 

This is generated as the last surface except that the 
hyperbolas have a common transverse axis. 

Take the direction of the common axis as axis of x, the 
planes of the hyperbolas as the planes of zXy xy, and the 
plane of yz parallel to that of the moving ellipse. Let 
OA = Gt be the common transverse semi-axis, and OB = 6, 
OC = c, the two conjugate semi-axes. Let QPB be any 
position of the moving ellipse, MQ, MB its semi-axes, and 
P any point in it Draw PN parallel to QM to meet 
BM in N. 
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Let OM:=x, MN^y, NP^z. 
From the ellipse QP-B, -^^ + ^^ 

MQ^ a? 
from the hyperbola AQ, — ^ = -i - 1, 



= 1, 



from the hyperbola AR^ — ^ = -j — 1 ; 
the equation required. 




These three surfaces, the ellipsoid, the hyperboloid of one 
sheet, and the hyperboloid of two sheets, are all included in 
the equation 

89. The Elliptic Paraboloid, 

The elliptic paraboloid is generated by a parabola which 
wovea with its vertex in a fixed parabola, the planes ofihe two 
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parabolas being at right angles^ their axes parallel, and their 
concavities tv/med in the same direction. 

Take the plane of the fixed parabola as plane of xy, its 
vertex as origin, and its axis as axis of x. Then the plane of 
the moving parabola is parallel to that of zx. 

Let PQ be any position of the moving parabola, P any 
point in it, r its latus rectum, and let I be the latus rectum 
of the fixed parabola. Draw PM parallel to O2 to meet the 




axis of the moving parabola in M, and draw QH and MN 
parallel to the axis of y. 

Then from the parabola PQ, 

PM^^^^V.QM, 

and from the parabola QO, 

QH^=.f=^l.OH--lx-l.QM 

Iz"^ 
— tx — jj- ] 
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40. The Hyperbolic Paraboloid. 

This is generated in the same manner as the last sur- 
face except that the concavities are turned in opposite 
directions. 

Let OQ be the fixed parabola in the plane of ajy, PQ any 
position of the moving parabola parallel to the plane of zXy 



N H 




P any point in it. Draw PM parallel to Oz, MN and QH 
parallel to Oy, Let I and V be the latera recta of the two 
parabolas OQ, PQ, 

From the parabola PQ, 

PM'^^'^V .QM, 

from the parabola OQ, 

QH'=^y^ = l.OH 

= l.(x + QM) 



X. 



•' I i'~ 

The two paxaboloids are both included in the equation 

A.G. V 
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We shall shew hereafter that any equation of the second 
degree in x,y, z can be reduced to that of one of the surfaces 
whose equations we have considered in this chapter. 

41. Asymptotic surfaces. 

The equation of the hyperboloid of one sheet is 



a^ ^ 6« c' ^ ^^^' 



which can be put into the form 



X 



'^ f\h ah 

where the remaining terms contain higher powers of 
ay + b^a^ in the denominator. 

Hence, if we increase x or y, or both, indefinitely, the 
value of z approaches indefinitely near to 






And if we construct the surface 

"5 ~ ~2 + rs (2)' 

c a 

(which by Art. 34 represents a cone whose vertex is the 
origin), the ordinate of this surface parallel to Oz, corre- 
sponding to any given values of x and y, approaches indefi- 
nitely near to equality with the ordinate of the hjrperboloid 
corresponding to the same values of x and y, when these 
values are increased indefinitely; that is, the cone (2) is 
asjmaptotic to the hyperboloid. 

Similarly the cone whose equation is 

is asymptotic to the surface 

a» b' c* " 
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42. The equation of the hyperbolic paraboloid is 

^-7=^ W' 






h 



Now if z be increased indefinitely and x be not very large, 
the second and all the succeeding terms of the series on the 
right will diminish indefinitely. Hence the equations 



y 



=±/^- (2>' 



represent two planes which are asymptotic to the surface (1) 
at points for which y and z are increased indefinitely while x 
remains finite. 
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1. Find the polar equation of a sphere, any point not the 
centre being the pole. Shew that if through a fixed point 
any chord OPQ be drawn meeting a sphere in P and Q, the 
rectangle OP . OQ is invariable. 

2. From any point a straight line is drawn to meet a 
given plane in P. In OP a point Q is taken so that the rect- 
angle OP . OQ is equal to a given constant &". Find the 
locus of Q, 

3. From any point a straight line is drawn to meet a 
given sphere in P. In OP a point Q is taken so that the 
rectangle OP . OQ is equal to a given constant k^. Find the 
locus of Q. 
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4. Shew that if through any point of a sphere a plane 
be drawn perpendicular to the straight line joining the 
centre with that point, the plane will only meet the sphere 
in that one point. 

5. A and B are two fixed points, P a point which moves 
so that PA is to PB in a constant ratio. Find the locus 
of P. 

6. A and B are two fixed points, P a point which moves 
so that the angle APB is a right angle. Find the locus 
of P. 

7. Find the surface generated by the line of intersection 
of two planes which pass each through a fixed straight line 
and are at right angles to each other. 

8. Shew that all the points of intersection of two spheres 
lie on a circle whose plane is perpendicular to the straight 
line joining the centres of the spheres. 

9. About three fixed points as centres, spheres are 
described having variable radii which are always in the same 
ratio to each other. Shew that they always intersect two 
and two on three fixed spheres, and that these three spheres 
have one circle common. 

10. Prove that the planes of the three circles in which 
three spheres intersect each other two and two, all intersect 
in a straight line which is perpendicular to the plane con- 
taining the centres of the three spheres. 

11. Prove that the six planes of intersection of four 
spheres two and two have one point common to them all. 

12. Shew that if each of six equal spheres intersects all 
the rest but one, so that the radii at the line of intersection 
are inclined at 60^ the portion of space common to all will 
have eight solid angles coinciding with those of a cube whose 

side is -i=^ of the diameter of the sphere. 

13. A straight line moves so that three given points of it 
lie respectively in three planes at right angles to each other* 
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Shew that a fourth point in the straight line, whose distances 
from the other three are respectively a, 6, c, traces out an 
ellipsoid. 

14. The two straight lines 

x±a _ ±y _ z 



cos a sm a 

meet the axis of x in 0, 0', and P, P' are points on the two 
lines such that OP . O'F' = c* ; shew that the surface traced 
out by the straight line FP is the hyperboloid 

t y* , ^ 1 

MOO "i 8 • 8 ~~ ■*•> 

a c cos a c sm*a 
P, P' being taken on the same side of the plane xy. 

15. Find the surface generated by a straight line which 
revolves round a fixed straight line which it does not meet. 

16. Find the surface which is the locus of the family of 
curves defined by the equations 

a^ + y^^- s^^ci^ and y^ •\' !^ — tfc? ~- (? , 

where a is a variable parameter and c an absolute constant ; 
and discuss its form for different values of n. 

17. A perpendicular PN is let fall from a point P in a 
right cone on a plane through the vertex perpendicular to 
the axis, and a point P' is taken in PN or PN produced 
such that PN . FN is constant Find the locus of P'. 



CHAPTEE IV. 

TRANSFORMATION OF CO-ORDINATES. 

43. Many of the equations which we shall have occasion 
to employ will be much simplified by a proper choice of axes. 
It is necessary therefore to investigate the relations which 
hold between the co-ordinates of any point when referred to 
two different sets of axes. 

The simplest case is that in which the directions of the 
two sets of axes are identical, the origin only being different. 

Let X, y, z be the co-ordinates of P referred to the old set 
of axes ; x\ y\ z\ the co-ordinates of the same point referred 
to the new set. Let a, ^, 7 be the co-ordinates of the new 
origin referred to the old axes. Then the distance of P from 
the old plane of yz is equal to the distance of P from the 
new plane of yz together with the distance between these 
two planes, or 

a? = a?' + a. 

Similarly y — lf + P, 

These results will hold whether the axes be oblique or 
rectangular. 

44. To jM the co-ordinates of a point P referred to one 
set of rectangular axes, in terms of the co-ordinates of the 
same point referred to another set of axes, also rectangular, 
with the same origin. 

Let Ox, Oy, Oz be the old axes ; Ox', Oy, Oz' the new. 
Let x,y,zhe the co-ordinates of P referred to the old axes ; 
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x\ y', / the co-ordinates of the same point referred to the 
new axes. Let \, m,, n, be the direction-cosines of Ox re- 




ferred to Ox, Oy, Oz\ ij, m^, n, those of Oy', and l^, m^, n^ 
those of Oz'. 

Through P draw Pif parallel to Oz to meet the plane 
Ox'y in M, and through Jh draw MN parallel to Oy' to meet 
Ox in JSr. Then ON = x\ NM^ y\ MP = z\ 

Also the projection of OP on Ox is ic. And the projec- 
tions of ONy NM, MP on Ox are \x\ ljf\ l^\ respectively, 
since Z , Z^, Z, are the cosines of the angles between Ox and 
ON, NM and MP, respectively. But the projection of OP 
on any straight line is equal to the sum of the projections of 
ONy NM and MP on the same line. Hence 

X = \x + zy + l^\ 

Similarly by projecting on the lines Oy and Oz we get 

y = m^x + mjy + m^', 

^ = n^x + n^y' + nji. 

The nine quantities i^, m,, w^, Z,, m,, w , Zg, m,, r^are not 
independent, but are connected by six relations. For since 
ij, m^, rij are the direction-cosines of Oa?', we have 

Similarly l^ + m,' + V = 1, 
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Also the cosine of the angle between Oy and Oz' is equal 
to l}^-\'tn,jm^-\-nj[i^\ but this angle being a right angle, its 
cosine is equal to zero ; 

Similarly l}^ + mjfn^ + nJ^^ = 0, 

These relations may be replaced by the six equations 



l^ +h' 


+h' 


= 1, 


TO,* +TO,' 


+ m,' 


= 1, 


n* +w,' 


+ K 


= 1, 



Vi +^8^8 +^8^8 =0, 

K^l + ^8^8 + 4^8 = ^• 

These equations can be algebraically deduced from the 
previous set, but they can be more easily proved independ- 
ently thus : 

Zj, m,, n^ are the cosines of the angles between Ox' and 
Ox^ Oy, Oz; l^, m^, n, those of the angles between Oy' and 
Ox, Oy, Oz; and l^, m^, n^ of the angles between Oz' and Ox, 
Oy, Oz. Consequently \, l^, l^ are the cosines of the angles 
between Ox and Ox\ Oy', Oz'; m , m,, m, those of the angles 
between Oy and Ox', Oy', 0/; and n^, n , n^ those of the angles 
between Oz and Ox', Oy\ Oz, Consiaering Ox', Off, Os! as 
axes, and remembering that Ox, Oy, Oz are mutually at right 
angles, we obtain the above formulae at once, 

45. The formulse given in the last Article are extremely 
useful, and from their symmetrical character are easy to re- 
member. They are liable to the objection that nine con- 
stants are introduced of which six are superfluous, and other 
formulsB have been proposed which employ only three con- 
stants. 

Let Ox, Oy, Oz be the old axes ; Ox, Oy', Oz' the new 
ones. Let the plane of x'lf cut the plane of xy in Ox^, and 
let a plane through Oz and Oz, which is therefore by Euclid, 
XI. 18, peroendicular to the planes of xy and al'if, cut these 
planes in Oy^, Oy,, respectively. 



TRANSFORMATION OF CO-ORDINATES. 



57 



Then since Oz is perpendicular to the plane of xy it is 
perpendicular to Ox^, and since Oz' is perpendicular to the 




plane of xy\ it also is perpendicular to Oa?,. Hence Ox^ is 
perpendicular to the lines Oz and Oz, and is therefore per- 
pendicular to the plane in which they lie, and therefore 
perpendicular to Oy^, Oy^. Hence by Euclid, XI. Def, 6, the 
angle yfiy^ is the angle between the planes of osy and xy. 
Let this angle be called 0, and let the angle between Ox 
and Ox^ be called (j), and the angle between Ox^ and Ox be 
called yfr. 

Let X, y, z be the co-ordinates of any point P referred to 
the axes Ox, Oy, Oz. Then if we take Ox^, Oy^, and Oz as 
axes, the ordinate z will be unaltered, and if a?,, y be the new 
co-ordinates parallel to Qx^, Oy^, we have by tne ordinary 
formulse of transformation in plane co-ordinates, 

x = x^ cos <f> — y^ sin <f>, 

y = a7j sin <^ + y^ cos <f>. 

Again, if we take Ox^, Oy^, Oz' as axes, the x^ will be un- 
altered, and if y^, / be the new co-ordinates parallel to Oy,, 
Oz\ we have 

Vi = y« ^^^ — z* sin 0, 

z = y^ sin ^ + z cos ft 
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And lastly, taking Ox, Oy\ Oz as axes, the z' will be un- 
altered, and we get 

x^ = x' cos ylr — y' sin yfr, 
y, = a?' sin -^ + y' cos yfr. 
And, making the substitutions for ^j, y,, y^, we get finally 
a? = a?' (cos <f) cos -^^r — sin sin yjr cos 6) 

— y' (sin -^ cos ^ + cos ^ cos yjr sin <^) + / sin ^ sin ^, 
y = x' (sin <^ cos -^ + cos sin yfr cos ^) 

— y (sin sin -^ — cos ^ cos yfr cos ^) — z' sin ^ cos 0, 
z=x' sin -^ sin ^ + y' cos ylrsmO + z' cos ^. 

These are called Euler's Formulae. They are useful in 
discussing the nature of the sections of surfaces, but their 
unsym metrical character renders them difl&cult to remember. 

46. If we wish to change both the origin and the direc- 
tion of the axes we have only to combine the formulae of 
Arts. 43 and 44. For changing the origin to a point whose 
co-ordinates are a, )8, 7, and keeping the direction of the axes 
unchanged, we get fl7 = fl7j+.a, y^y^-^^y z = z^-^y. And 
then changing the directions of the axes we get 

x^ = i^x' + zy + Z3/, 

or x^l^x-hiy + l^z' + oL. 
Similarly y = m^x' + m^y' + m^z' + fi, 

z = n^ai 4- njy + nj& + 7. 

47. The formulae for transformation of co-ordinates in 
Art. 44 hold also when the axes are oblique if l^fin^, n^ denote 
the direction-ratios of the new axis of x with respect to the 
old axes. The six relations which hold between the nine 
constants involved, which can be obtained from Art. 13, are 
in general very cumbrous. 

48. A proof exactly similar to that given in Todhunter's 
Conic Sections, Art. 87, will shew that the degree of any ex- 
pression involving x, y, z is unaltered by transformation of 
co-ordinates. 
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49. The following proposition is useful in many ques- 
tions of transformation of co-ordinates. 

The condition that the expression 

Aa? + %' + C^ + 2A'yz + 2.Fzx + 2Cxy (1) 

should be the product of two linear expressions in x, y, z^ is 

ABC + 2A'EC' - AA'^ - BB^ - CC« = 0. 
For if one of the factors be 

\x-^fiy + vz (2), 

it is evident, by considering the coefficients of a;*, y* and i^ in 
(1), that the other factor must be 

ABC ,^. 

x^^T^y-^v' <^>- 

Multiplying (2) by (3) and equating the coefficients of yz, 
zx and xy in the product, to those of the same terms in (1) 
we have 

B-^-G^ = 2A\ 
C-+A^^2B', 

whence by multiplication we get 

SA'FC = 2ABG + A (B'^.^ C*^) ^bUj'^ + A'^^ 

= 2ABG + A(4,A'*- 2BC) + B {4,B^ - 2CA) + C (4,0'* - 2AB), 
or transposing and dividing by 4, 

2A'FC' + ABC - A A* - BBf* - CO* = 0. 

The expression 2A' E C + ABC - AA'* - BF* - CC is 
called ihe discriminant of the expression (1). 



+ G 
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50. It is evident that in any transformation of co-ordi- 
nates from one set of axes to another, the origin being un- 
changed, the expression x^ -\-i^-\- s^ will be transformed into 
^ * + y^ + z'* if both sets of axes be rectangular ; or the ex- 
pression 

a?-\-y^-\-2^-\- 2yz cos \ + 2zx cos fi -I- 2an/ cos v 

will be transformed into 

^'' + y^ + -3^" + 2y V cos X '\- 2zx' cos il + 2xy' cos v 

if the axes are oblique, the expressions in each case repre- 
senting the square of the distance of the point whose co- 
ordinates are considered, from the common origin. 

Thus if the axes are rectangular, and the expression 

Ai^^-Bf^-G^-V^A'yz^-^Bzx^-^G'xy (1) 

become by transformation 

Fx'^ + Q.y'^ + iZ^" + 2Fy'z + 2qz'x' + 2Rx'y\ . . (2) ; 
we shall have also the expression 
Af^ '\-Bf-\- a^+ 2A'yz + 2Bzx + 2Cxy - \ (a?»+ y'+ ^). . .(3), 

where \ is any constant, transformed into 

Fx'^-\- Qy'^H- iJ^'^H- 2Py/+ 2Q V^'-J- 2iJV/-\(a?'*+ y^-Vz'^) • . .(4). 

But if, for any values of \ the expression (3) be the pro- 
duct of two linear expressions in x^ y, z, the expression (4) 
must, for the same values of \, be the product of the two 
expressions in x\ y\ z into which the former two would be 
reduced by the transformation. Hence the discriminant of 
(3) is identical with that of (4), or the two equations 

(il -\) (5- \) ((7-\) -il'*(^ -\) - B'\B^\) - G^ (C-\) 

+ 2A'B'G' = (5), 

-I- 2P'Q'iJ' = (6), 

are identical, and satisfied by the same values of X. Thus 
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the coefficients of the different powers of X in these equations 
must be equal, and we have 



A+B + G = P + Q + R, 
BC + CA + AB-A"'-B'^-C' 

^-QR + RP + PQ-F'-q^-R^, 
ABC + 2A'EC - AA" - BF* - CC* 

= PQR + 2FQ'R' - PF* - QQ" - RR") 



(7). 



The expressions on the left-hand side of the equations 
(7) are called invariants of the expression (1). 

51. As a particular case of the foregoing, let us suppose 
if possible, as it will be proved to be hereafter, that the ex- 
pression (1) is transformed into an expression of the form 

The equation (6) then becomes 

(P-\)((2-\)(iJ-\) = o, 

and the roots of this equation are P, Q, R, the coeflScients of 
x'^, y'^, z"^ in the transformed expression. These coeflScients 
are therefore the roots of the equation (5) with which (6) is 
identical, namely, 

+ ^A'BC = 0. 
Another proof of this result will be given hereafter (Art. 86) ► 



EXAMPLES. CHAPTER IV. 

1. The co-ordinates of a point are (1, 2, 3). Find its co- 
ordinates relative to new axes whose equations are x = y == z\ 
2x = -~y = 2z; x = -~ z, y = 0. 

2. Transform the expression xy -^-yz + zx to the new 
axes in the last question. 
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3. Shew that a^-\-y^-\-2^-\'yz-\-zx-\-xy can be reduced 
by transformation of co-ordinates to the form 

A {x^ + y ») + Bz'\ . 

4. From the formulae in Art. 44 prove that 

5. Find the values of P, Q, R when the expression 

^ + y' + -^* — 4a?y — 4iyz — 42^^? 
is transformed into the form Px* + Qy^ + ^/*. 

6. Shew that if the expression 

Aa? + By^ + C^ + 2^y + Wzx + 2(7'a;^ 

be transformed into Px^ + Qy'' + Rz* where the first axes 
are inclined at angles \, fi, v, and the new axes are 
rectangular, P, Q, R will be the values of k given by the 
cubic equation 

(A'-k)(B-k)(G-'k)-{A'-'kcos\y{A'-k) 

^ [B -kco^ IJLf {B -k) - {C -kcoBvY (C --k) 
+ 2{A' -k cos \) (J5' - k cos /t*) (C"-A;cos j;) = 0. 

7. Prove that the equation 

represents a cone of revolution round the line 

x = y = z, 

whose semi- vertical angle is cot"^ J2. 
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ON GENERATING LINES AND SECTIONS OF QUADRICS. 

52. We have seen (Arts. 34, 35) that the cone and 
cylinder admit of being generated by the motion of a 
straight line. This is also the case with the hyperboloid 
of one sheet and with the hyperbolic paraboloid, but not 
with any other surfaces whose equations are of the second 
degree in x, y, z. 

Surfaces whose equations are of the second degree in 
(xy y, z) are called Quadrics, or, following the analogy of the 
terms ellipsoid, &c., Gonicoids, 

53. On the generating lines of the hyperboloid of one 
sheet. 

The equation of the h3rperboloid of one sheet is 



^+1 



z" 



a« ' 6* c» "" ^' 

x^ ^ v' 
or -^- — = 1-^ (1). 

or c Ir ^ ^ 

This equation is satisfied by all values of x, y, z which 
satisfy either of the pairs of equations 



I-rK^-Dl 



i+r 



a c fi\ 

X z /- 

or =/^ 1 + 

a c ^\ 



(2), 



a c fi\ bj 
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whatever be the value of /a. Each of these pairs represents a 
straight line. There are thus two systems of straight lines 
lying wholly on the surface. We shall first prove that all 
the straight lines of one system intersect all the straight 
lines of the other; and secondly, that no two lines of the 
same system intersect gne another. 

54. The equations of any two straight lines of opposite 
systems are 



a c ^ \ bj 

X z 1 f^ y\ 



/* 



(1), 



a c /JL\ 0/ J 



(2). 



And if the straight lines represented by these equations 
meet, these four equations must be satisfied by the same 
values of a?, y, z. But the four equations are all satisfied 
if we take 



a c \ bJ 
a c fi\ bJ 



(3). 



(4). 



andM'(l + f) = M(l-f) 

From which we obtain 

y ^fi — fi a7_l+ /Lt/Xr' -2: _ 1 — fifi 
b fi + fi' a fi + fif ' c fJi' + jj! 

Hence any two generating lines of opposite systems meet 
in a point. 

Conversely, through any point of a hyperboloid of one 
sheet two straight lines can be drawn lying wholly on the 
surface. For if we assume the co-ordinates of the point to 
be X, y, z; from equations (3) we can determine fi and /a', 
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and .therefore the equations of the two generating lines 
through the point in question. 

55. Secondly, no two lines of the same system intersect. 
For let their equations be 

I-5-('-f) 

a c fi\ 0/ 

a c fi \ 6/ J 
From the first and third we get by subtraction, 

0*-A*')(l-f) = 0; 

therefore f^ — f^'> ^^ y = &- 

From the second and fourth we get by subtraction, 

,'. /M = fi, or y = ^b. 

Hence since we cannot have y equal both to b and — 6 we 
must have fi = fi\ or the lines must coincide. Therefore no 
two lines of the same system intersect. 

56. The equation of the Hyperbolic paraboloid is 

I V~^' 

which will be satisfied by all values of x, y, z, which satisfy 
«ither of the pairs of equations 

y '^ __ 

A. G. 
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y Z __X 

Hence in this case also there are two systems of straight 
lines lying wholly on the surface. A proof similar to that of 
the last two articles will shew that all the straight lines of 
one system intersect all those of the other, and that no two 
straight lines of the same system intersect one another. 

It may be noticed that from the form of the second equa- 
tion in each set, it follows that all the lines of each system 
are parallel to a fixed plane. 

57. We have shewn in the preceding articles that the 
hyperboloid of one sheet and the hyperbolic paraboloid ad- 
mit of rectilinear generators ; we shall now shew that these 
are the only surfaces among those which we have considered, 
besides the cone and cylinder, with which this is the case. 

Let us first take the equation 

Aaf' + Bf + Cjs^^-l.,.. (1), 

which includes the ellipsoid and the two hjrperboloids ; and 
if possible let the line whose equations are 

—j-^- — ^= -=-r (2), 

lie wholly on the surface (1). 

From (2), 

fl7 = a + fo", y = ^ + mVy z = y'\'nr; 
and if the straight line (2) lies wholly on (1) the equation 

A(a + lry + B {P+mrf + C (7 + w)"= 1 
must be satisfied for all values of r. 

The conditions for this are 

Ao^+ B^ + Grf^l (3), 

Aloi+Bmfi+Gny =0 (4), 

AP + Bm!' 4- Cn' =0 (5). 

The first of these equations merely expresses the condi- 
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tion that the point (a, ^, 7) may lie on the surface. The 
second and third are the conditions which I, m, n must 
satisfy. They will in general give two values for the ratios 
I :m : n. It remains to examine whether these values are 
real or not. 

From (4) we have 

7 

Substituting in (5) we get 

CA^r/ + CBmy + (Ala + J?m/3)" = 0, 
which is a quadratic in — . 

The roots of this quadratic will be possible or impossible 
according as 

(ACrf + AW){BCrf + ffff^) < or > A^B'a^^, 

or as ABCy' + A'BCofr/ + B^AG^rf < or > 0, 

or as ABGr/ {Ao? -[- B^ -[-Grf) < or >0, 

or as ABG < or > 0. 

Hence that the generating lines may be real we must 
have ABC a negative quantity; thus one or three of the 
quantities A, B, G must be negative. If they are all three 
negative, the surface is impossible, so that the only possible 
sur£aice is the hyperboloid of one sheet in which one is nega- 
tive. In this case we may take 

or ¥ c* 

and the equations which determine the directions of the 
generating lines are 

IcL mfi __ W7 _ ^ 
»«"**"?■ ""?"""• 

58. It may be noticed that since for either of the gene- 
rating lines we have 

Ala + BmP 4- O717 = 0, 
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and for any point in either line we have 

so — a y — P _z — r^ 
I " m ^ n ^ 

we must also have the equation 

ula(a?-a) + 5/3(y-/3)+(77(£;-7) = 0, 

satisfied for any point in either of the straight lines through 
the point (a, JS, 7). But this is the equation of a plane: 
it is therefore the equation of the plane containing the two 
straight lines. 

The equation can be written 

Aax-^B^y 4- Cr^z = Aa^^B^^ Oy* = 1, 

and it may be noticed that whether the lines themselves be 
real or not, this plane is a real plane. We shall prove here- 
after that it is the tangent plane to the surface at any point 
(a, /3, 7). 

59. The equation of the projection of either line on the 
plane of o;^ is 

or y= ja? + ^- ja (1), 

win 

the values of -j being deduced from the quadratic equation 

given in Art 67. 

AV (Cy' + Aa') + 2ABaff Im + Bm* (Cy* + B^ = 0, 

or Al'{l-B^ + 2AB3film + Bm''{l-Aa') = 0; 
.-. Al" + Bm" = AB {ip - may. 

Hence the equation (1) can be written 



m . 



/l 1 w" 



which is a well-known form of the equation of the tangent 
to the curve 
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But this curve is the ellipse in which the given surface is 
cut by the plane of ayy. Hence the projections of the gene- 
rating lines on the plane of xy are tangents to the curve in 
which the surface is cut by that plane. 

The same is true for the planes of yz and zx. 

60. The equations of the two paraboloids are both in- 
cluded in the equation 

Bf + G!^ = x (1). 

The conditions that a straight line 

~l 7^ ^ ^^^' 

should lie wholly on the surface (1) are found by a process 
similar to that of Art. 57 to be 

B^ + Crf^a (3), 

J?m* + ai» = (4), 

2Bml3 + 2Cny - I =- (5). 

The first equation indicates that the point (a, fi, y) lies 
on the surface (1). The second and third give the values 
of the ratios I : m :n. These values will be real if B and G 
have opposite signs, so that the surface must be the hyper- 
bolic paraboloid. 

61. The equation of the projection of one of the gene- 
rating lines on the plane of an/ is 

y = jx + [fi'-ja) (6). 

But from (5) 

(2J?m/3 - ly = 4a»wV 

= - 4iBCrfm^ from (4) ; 
.-. 45m«(£)a»+ (77^)-45Zm/3 + P = 0; 
.-. ^Bm\ - 4£im/3 + P = from (3) ; 

or l8 — ma=^'j-j^.— , 

w m 
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And the equation (6) becomes 

__m 11 

a well-known form of the equation of the tangent to the 
curve By' = x. 

Hence the projection of the generating line on the plane 
ot xy is a, tangent to the curve in which that plane is cut by 
the surface. A similar proof holds for the projection on the 
plane of zx. 

The equation of the projection on the plane of yz is 

m n ' 

or y^n^^^^n'^ ^^' 

But 5m» + Cn'^ = 0; .•.- = ±a/ 

n V 

and the equation (7) becomes 

Hence the projections of the generating lines on the 
plane of yz are parallel to the two straight lines in which 
the surface is cut by that plane. 

62. The sections of the ellipsoid 

^ + ^'+- = 1 (1) 

made by planes parallel to either of the co-ordinate planes 
are eUipses. For taking the equation of a plane parallel to 
that of a;y to be 

^ = 7 (2), 

we get for the points where this meets (1) 

9 2 9 

fL^t-i jL 



q 

B' 
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This is the equation of the projection of the curve of 
section on the plane of xy. But since the cutting plane is 
parallel to the plane of a?y, the projection of the curve of 
section on that plane is equal and similar to the curve itself. 
Hence this curve is an ellipse. And it may be noticed that 

this ellipse is always similar to the ellipse -2 + ^=1, in 

which the surface is cut by the plane of xy. 

In a similar manner the sections by planes parallel to the 
other co-ordinate planes may be shewn to be eUipses. 

The sections of the hyperboloid of one sheet 

a? ^ 2? ^ 

by planes parallel to that of xy are ellipses, and those by 
planes parallel to the planes of yz or zx are hyperbolas. 

The sections of the hyperboloid of two sheets 

a« V (? ' 

by planes parallel to those of zx or xy are hyperbolas, and 
by planes parallel to that of yz are ellipses, which are im- 
possible if the value of x for points in the cutting plane is 
numerically less than a. 

The sections of the two paraboloids 

by planes parallel to those of zx or xy are parabolas whose 
latera recta are V and I respectively. 

Their sections by planes parallel to that of yz are 
respectively ellipses and hjrperbolas, the former being impos- 
sible when the cutting plane is to the left of the origin. 

To find the nature of the sections of these surfaces by 
planes not parallel to the co-ordinate planes it is no longer 
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sufficient to find the equations of the projections of the curve 
of section on the co-ordinate planes, since the projection will 
not in general be similar to the curve itself. The simplest 
method is to transform the co-ordinates so that the plane 
of ocy shall be parallel to the cutting plane, and then the 
nature of the section will be given as above by its projection 
on the plane of ayy. For this transformation the formulae 
of Art. 45 are very useful. We may in general avoid the 
third substitution, and since we wish to find merely the nature 
of the sections by planes parallel to that of x'^, which we 
shall prove in the next article to be always similar to the 
section by the plane of a/y' itself, we may before substitu- 
tion put / = 0. The required substitutions will then be 
derived firom the formulsB in Art. 45 by putting -^ = and 
/ = 0. We thus get 

x = x cos — y' cos sin 0, 

y = a?' sin <^ -h y' cos cos ^, 

2: = y' sin ft 

If the equation of the cutting plane be given in the form 

Ix -{• my '{■nz = p, we have tan A = , and cos = n. The 

above substitutions then become 

rrux/ + Ini/ mny' — Ix' . 

where we assume that P + m^ + n^ = l, 

63. We shall first prove the following general propo- 
sition. 

All sections of surfaces of the second order made by 
parallel planes are similar and similarly situated. 

Take the plane of xy parallel to the system of cutting 
planes. The equation of the surface can be put into the form 

ula? -h ^2^+ Cz'+2A'yz + 2B'zx + 2C'xy 

+ 2A''x+2B"y + 2G''z -H F== (1). 

The curve in which this is cut by the plane 

^ = 7 (2), 
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is given by the equation 

Aa? -\' By" + ^G'xy ^- (2By + 2-4") x + (2A'y + 2ff') y 

+ C7*+2(7'7 + ^=0. 

And whatever be the value of 7 this curve is always 
similar and similarly situated to the curve 

ula? + ^y^ + 20' xy + 2A"x 4 2B'y + ^= 0, 
in which the surface is cut by the plane of xy. 

Hence in discussing the form of the sections of surfaces 
by a series of planes, we need only consider planes through 
the origin. 

This method will not fail even if the curve of section by 
a plane through the origin become impossible, since the 
terms of the second degree in the equation of this curve are 
the same as in the equations of the possible curves formed 
by the intersection of parallel planes with the surface. 

64. We shall consider first the equation 

Aa? + By" '\- 02^=^1, 
which includes the three central surfaces. 

Making the substitutions suggested in Art. 62, we get as 
the equation of the curve of section 

x^ {A cos"^ + B sin'^) + 2x'yf (B — A) cos sin <f} cos 

+ y^ {A cos'5 sin«0 + B qo^Q cos^ + G ^yt^G) = 1. 

And the section will therefore be an ellipse or hyperbola 
according as 

(B - Af cos?0 cos''^ sin'<^ 

- (A cos»0 + B sin»0) (A cos"^ sin''^ + B cos'^ cos^ + C sin"^) 

is negative or positive. This expression can be reduced to 
the form 

- {BCsin^e sin"0 + GA sm^0 cos»0 + AB cos'^^j. 

In the case of the ellipsoid A, B and (7 are all positive, 
and this expression is therefore always negative. All sec- 
tions of the ellipsoid are therefore ellipses. The investigation 
of the nature of the sections in the other surfaces is long and 
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the results uninteresting, except in the particular case in 
which the section becomes a circle. 

The conditions that this may be the case are, that the co- 
efficient of ody should vanish and the coefficients of a?" and 
^ should be equal We have therefore 

(J? — A) cos Q sin cos ^ = 0, 

A cos*0 + B sin"^ = A cos"5 sin''^ + B cos'5 cos*0 + G sin*^. 

From the first equation we must have either £ = ul, in 
which case it is already obvious that all sections parallel to 
the plane of xy are circles, or 

cos ^ . sin . cos = 0. 

If cos ^ = 0, we have = 90°, and the second equation gives 

A cos V + B sin»0 = (7 = (7 (cos'0 + sin'^^) ; 

, 2 - C — A 
.*. tan^ = g— — ^, 

and if the values of tan be real, we get circular sections by 
two planes through the axis of z. 

If we take cos = ; we have <^ = 90^ or the plane 
passes through the axis of y, and the second condition gives 

5 = ulcos"5+Csin»^; 

A'-B 



and therefore tan*^ = 



B'-G' 



and if the values of tan be real, we get circular sections by 
planes through the axis of y. 

Similarly from the condition sin = 0, we get circular 
sections by planes through the axis of x inclined to the 
plane of xy at angles given by the equation 

^-5 



tan* e = 



G-^A' 



In all cases the circular sections are made by planes 
passing through one of the axes. It only remains to examine 
m what cases they are real. 
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Only one of the three quantities 

C--A A-B A-B 
B^C B-C C^A 

can be positive, consequently there are only two real central 
circular sections, and they pass through the axis of z, y or a?, 
according as the first, second, or third of these expressions is 
positive. 

(1) In the ellipsoid A, B, C are all positive, and if we 
take them in order of magnitude, the second of the above 
expressions is positive. Consequently the central circular 
sections of an ellipsoid are made by planes through the mean 
axis. 

(2) In the hyperboloid of one sheet G is negative, and 
if we suppose A>B,it is again the second of the above ex- 
pressions that is positive, and the circular section is made by 
a plane through the greater real axis, since 

A-^ B-^ 

and A being > B, a<b. 

(3) In the hyperboloid of two sheets, B and G are 
negative, and if we suppose B numerically greater than G, 
OT b<Cy B — G will be negative, the first of the above ex- 
pressions is positive, and the circular section is made by a 
plane through the greater impossible axis. 

65. We have shewn in the last article that the only 
planes which give circular sections of central quadrics are 
certain planes through one of the axes. It is easy to shew 
without transformation that these planes do give circular 
sections. 

Thus the equation of the ellipsoid can be written in the 
form 

or 
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which shews that either of the planes 

yw^^-lj^r^'^o (1), 

C Co 

or ^75rr^+?7^^T:p==o (2), 

cuts the ellipsoid in the same points in which it cuts the 
sphere 

a?4.2^« + «2 = 6«. 

But every plane section of a sphere is a circle. Hence 
the planes (1) and (2) and consequently by Art. 63 all planes 
parallel to them cut the ellipsoid in circles. 

The circular sections of the hjrperboloids of one and two 
sheets can be deduced in a similar manner. 

66. The two paraboloids are included in the equation 

Making the .same substitutions as in Art. 64 we obtain 
for the equation of the curve of intersection, 

B sin* <^aj'* + 2 J? sin <^ cos <^ cos 6 x'y 

+y* {B cos* 6 cos"0 + (7 sin* 6) = a?' cos — ^ cos 6 sin 0, 

which will represent an ellipse, parabola, or hyperbola, ac- 
cording as 

R sin*^ cos*0 cos*^ - B sin*^ {B cos*5 cos*^ + G sin*^) 
is negative, zero, or positive. That is, according as 

J?asin*<^sin*^ 
is positive, zero, or negative. 

The sections of both paraboloids are therefore parabolas 
if ^ or ^ vanish, that is, if the cutting plane pass through the 
axis of X or coincide with the plane of xy. In all other 
cases the sections of the elliptic paraboloid are ellipses, and 
of the hyperbolic paraboloid, hyperbolas. 
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The conditions that the section may be a circle are 

B sin cos ^ cos 6 — 0, 
B 8in»0 = 5cos*^ cos'^ + C sin'^. 

From the first equation 

sin <^ = 0, cos = 0, or cos ^ = 0. 

If sin ^ = 0, the coefficient of x^ vanishes, and the section 
reduces to a straight line or parabola. 

If cos ^ = 0, we have from the second equation B = (7sin*tf , 

and if B and G are of the same sign and B< G this gives 

G 
two possible values of 0. If cos 5 = 0, we get sin^6 = -^, and 

this gives two possible values of if (7 < J?, and B and (7 have 
the same sign. Thus we get real circular sections of the 
elliptic paraboloid passing through the axis of y or z, accord- 
ing as -B < or > G, that is as Z > or < f. 

If B and G have opposite signs, there are no real circular 
sections. 

67. The equation of the elliptic paraboloid can be put 
into the form 



n? + f+!^ ( h 1 x\( /I 1, a?\ 
Thus each of the planes 



y 



vi-r-'^vr"^' 



^'vr-i'+V?^^' 



and therefore all planes parallel to them will cut the surface 
in circles. These planes are real if V >L li V <l we can 
shew similarly that the planes 
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cut the surface in circles. 

68. We shall conclude this chapter with the investiga- 
tion of the position and magnitude of the axes of the section 
of an ellipsoid by a plane through its centre. 

a? v^ 1^ 
Let a« + |-.+ F* = l W 

be the equation of the ellipsoid, 

hc + my'\'nz = (2) 

the equation of the cutting plane. 

Let f=2^ = f = r (3) 

be the equations of any straight line in the plane (2), and let 
r be the distance from the origin of the point where it meets 
the ellipsoid ; therefore 



.« -.a 



?~'a''^F^c' ^^^' 

and tK-^-mfi-hnv^O (5), 

since the line (3) lies in the plane (2), 

Also if r be the length of one of the semiaxes of the 
section of (1) by (2), we must have r a maximum or mini- 
mum by the variation of \, fi, v, which are connected by the 
relation (5) and also by the relation 

V + /t»+i;' = l (6). 

Dififerentiating (4) we get when r is a maximum or mini- 
mum 

,. \d\, iidii vdv 
a c 
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And from (5) and (6) respectively, 

= IdX + Tndfi + ndv, 

= \dX + ^fi + vdv. 
Whence by indeterminate multipliers, 

^, + A?« + A;'\ = (7), 

^ + &w + A> = (8), 

-,+A;n + A/j/ = (9). 

Multiplying (7) by A., (8) by /a, (9) by v, and adding, we 
get 

and therefore 

kh>a* 



• • /V — a o , 

cc — r 



/I IN , kmr'b* 



c^ — r' 



^=:a — Zi- 



And therefore from (5), 



J^+1!^ + J^ = (10) 

which is a quadratic equation and gives two values of r*. 
The product of these two values 

Pa* + m'h* + wV ' 
and the area of the section is therefore 

_ nrabc ,_ - , 

~ 7^' + ^"+w 



80 
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The directions of the two axes may be obtained by elimi- 
nating k and Jc from equations (7), (8) and (9) ; we then get 



a' 



I \ 



^^ m fi 



? ^ 



= 0, 



or 



V (p - -J.) + mp\ (^i- ^,) + nX/. (i - ^,) = 0...(12), 



which united with (6) and (6) gives two sets of values of 
X, fi, p. 

The expression for the area of a section of an ellipsoid by 
a plane not passing through the centre will be given in a 
future article. (Art. 79.) 



are at 
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1. Shew that the two generating lines of the surface 

ya^ — Q* 
~a s 

right angles to each other. 

2. Shew that all the points on the surface 

a^ + y' ^_^ 

for which the generating lines are inclined at an angle a, lie 
in one or other of two fixed planes. 

3. Find the angle between the two generating lines of 
the surface 






at the point a, /8, 7. 
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4. If the surface 

be cut by a central circular section of the ellipsoid 

x^ iS" f? ^ 

the sum of the squares on any two perpendicular radii vec- 
tores of the curve of section is constant. 

5. The equation of a surface can be put into the form 

^' + 2/* + -^^ + (^ + ^y + ^-^ ^'P) ^^ + ^V + ^'-^ ■" P) = 0, 

find the planes which give circular sections. 

6. Prove that the sections of the surface 

by planes parallel to a; + y + ^r = 0, are circles. 

7. If the two generators drawn from a point on the 
surface 

intersect the principal ellipse in points P, P' at the ends of 
conjugate diameters, then will 

OP"+OF« = a* + 6*+2c'. 

8. Find the circular sections of the surface 

yf . f^ . ^y_-, 

9. Prove that if the section of the surface 

g^ £^ ^_ 
a* ■*■ 6- "^ c» "" 

by the plane Ix + my + w^r = be a rectangular hyperbola, 

A. G. ^ 
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10. The angle between the generating lines of 

a?* V* -2;* >• ^ i T_ • X / \ • -1 ^1 + \ 

— 1-^+ — = 1 at the point (x, y, z) is cos r-* — ;-* , 

(IOC A»j •« Ag 

where \ and \ are the two roots of 

^ + y" + ^' =0 

11. Prove that the foci of all centric sections of the 
surface 

ax^^by^ + cz^ = 1 

lie on the surface 
(a;'+yV^*)(l-aic^-6y'-c^){a(c-6)y;5'+6(a-c)Va?Vc(6-a)Vy'} 

12. Find the equation of a right circular cylinder whose 
axis is the line 

X y __^ 
I m n* 
and whose radius is a. 

13. Find the condition that the cone 

Ax^ + By^ + Gz^ + 2A'yz + 2Bzx + 2(7 xy = 
may have three generating lines mutually at right angles. 

14. Find the equation of the right cone which has a 
centric circular section of the ellipsoid 

for its base and its altitude equal to b, 

15. Find the equation of a right circular cone referred to 
rectangular axes, having its vertex at the origin, and meeting 
each of the co-ordinate planes in one line only. 

16. Find the equation of a right circular cone whose 

X "U z 

axis is the line y = — = - > and semi-vertical angle a. 

17. Find the equation of a right circular cone which 
contains three given straight lines passing through the 
origin. 
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18. Find the locus of the points at which the two gene- 
rating lines of the surface 

are at right angles. 

19. If a plane be drawn through the straight line 

the two other straight lines in which it cuts the cone 

will be at right angles to each other. 

20. Shew that any point on the hyperboloid of one sheet 
may be represented by the equations 

x = a cos ^ sec 0, 

y = 6 sin ^ sec 0, 

z =c tan ; 

and find the equations of the generating lines through that 
point. 

21. Shew that if the two generating lines at any point of 
the surface 

be at right angles respectively to those of opposite systems 
through a second point, the two points are either in a plane 
through the axis of z or equally distant from the plane of xy. 

22. If two planes be drawn passing respectively through 
two generating lines of the same system at the extremities of 
the major axis of the principal elliptic section of a hyperboloid 
of one sheet and intersecting in any third generating line, the 
traces of these planes on either of two fixed planes will be at 
right angles. 

23. If a=0, ^=0, 7=0, S=0 be the equations of the four 
faces of a tetrahedron expressed as in Art. 26, the equation 
of a hyperboloid of one sheet passing through two opposite 
edges is 
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24. Find the equation of an ellipsoid referred to the 
planes of its central circular sections and a central plane 
at right angles to them. If these are rectangular axes, 
prove that the squares of the axes are in harmonical pro- 
gression, and that the equation takes the form 



c' "^ a' "'^• 



25* Prove that the two generators of the hyperboloid 

through the point (x, y, z) will meet the principal elliptic 
section at the ends of diameters at right angles if 

a?-\'f _z^ 



CHAPTER VI. 



DIAMETRAL PLANES. 



69. It will be useful to commence the chapter with the 
following definitions. 

1. The centre of a surface is a point such that all chords 
passing through it are bisected by it 

2. The locus of the middle points of a system of parallel 
chords of a surface is called the diametral surface of the 
system. 

We shall shew that if the original surface be a quadric, 
the diametral surface of any system of parallel chords is a 
plane. In this case we shall require the following definition. 

3. A principal plane of a quadric is a plane perpen- 
dicular to the chords which it bisects. 

We shall shew hereafter that such a plane can always be 
found. 

70. If a quadric have a centre and be referred to a 
system of axes with the centre as origin, the equation will not 
contain any terms of the first degree. 

For the general equation of the second degree is 

Aix? + By^ + Cz^ + 2Ayz + ^Bzx + 20' xy 

+ 2A''x + 2R'y + 2G''z'\'F=^0 (1). 

Then if .Tj, y^, z^ be the co-ordinates of any point on the 
surface, — a?j, —y^, —z^ must also satisfy the equation (1), 
since the origin is the centre. Hence we have 
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+ 2A'\ + 25"yi + 2(7X + i?^= 0, 
^a?,* + By^ + C^,* + 2^ Vi«, + ^Bz^x^ + 2C"a?,y, 

- 2JLX - 2J5'Vi - 2(rX + ^= 0. 
Subtracting we obtain 

4(AX + ^Vi+C^'X) = (2). 

This equation must be satisfied for all values of x^, y^, z^ 
consistent with (1). But unless A" = 0, B" = 0, 0" = 0, equa- 
tion (2) can only be satisfied by the co-ordinates of points 
lying in the plane 

Consequently we must have 

or the equation (1) does not involve the first powers of 
^, y, ^' 

Conversely, if the equation of a quadric do not involve 
the first powers of Xy y, z^ the origin is the centre of the sur- 
face. Moreover, if the equation can be put in the form 

AaS' + Bf'^Cz^^F (3), 

the axes being rectangular, the co-ordinate planes will be 
principal planes. For if x^, y^, z^ satisfy the equation (3), so 
do — x^f yj, z^. Hence the plane of yz bisects all ordinates 
parallel to the axis of x, and similarly for the other co- 
ordinate planes. 

Conversely, if each co-ordinate plane bisect all chords 
parallel to the corresponding axis the e<)uation must assume 
the above form. 

71. To find the locus of the middle points of a system of 
parallel chords drawn in an ellipsoid. 

Let the equation of the ellipsoid be 



a tr c ^ ^ 



or 
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and let the equations of any one of the system of parallel 
chords be 

^=2^ = ir7=, (2), 

where I, m, n are direction-cosines. 

To find the points where (2) meets (1) we have 

(g + IrY (fi + mrf {y + nr)' _ 
a' ^ 6' "*" 0- ""-^^ 

This equation gives two values of r which are the distances 
from the point (a, ^8, 7) of the two points where the straight line 
(2) cuts the ellipsoid. If (a, ^, 7) be the middle point of the 
chord these two values must be equal, and opposite in sign ; the 
coeflBcient of r in the equation (3) must therefore vanish, or 

la m^ ny_f. 

n "t" 1 2 • a '"' ^» 

or <y 
Hence (a, ^, 7) always lies in the plane 

^4+M+!Lf = o (4). 

or b^ c ' 

which is therefore the equation of the locus of the naiddlo 
points of the system of chords. 

72. If a?i, y^j z^ be the co-ordinates of the point in which 

the line ^ = ^ = - meets the ellipsoid, that is, the? co-ordi- 
L 7n n 

nates of the extremity of the diameter drawn parallel to the 

system of parallel chords, we have 

and the equation (4) of the last article may be written 

^ + M + ^-=0.... (1). 

a cT 
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Also if a?,, y,, z^ be the co-ordinates of any point in the 
curve in which this plane cuts the ellipsoid, we have 

a« ■*■ 6- "^ c- ~"' 

which shews that the point (x^, y^, z^) lies in the plane 
which bisects all chords parallel to the diameter through 

The planes which bisect chords parallel to the two diame- 
ters through (oTj, y^, z^), (x^, y^, z^ will intersect in a straight 
line. Let the co-ordinates of the point where this line meets 
the ellipsoid be a?^, yg, z^^. Then since (x^, y^ z^ lies in the 
plane which bisects chords parallel to the diameter through 
K* yi» ^d w^ ^ave 

a» ^ 6" ^ c* ~"' 

and since it lies in the plane which bisects chords parallel to 
the diameter through (a?,, y,, z^, we have 

These last equations shew that (a?j, y^, zX {x^, y^, ^r^) both 
lie in the plane which bisects all chords parallel to the diame- 
ter through (a?3. y,, z^). 

Hence the three diameters have this property, that the 
plane through any two of them bisects chords parallel to the 
third. 

The three diameters are called conjugate diameters. 

73. The equation, of the ellipsoid when referred to a sys- 
tem of three conjugate diameters as axes assumes the form 

where a', b', c are the lengths of the conjugate semi-diameters. 

For the equation must be of the second degree by Art. '48, 
and since each co-ordinate plane bisects chords parallel to 
the corresponding axis, by Art. 70 the equation must assume 
the form 
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When the axis of x meets the surface we have 

x = a\ y = 0, -3^ = 0, 
F 

A. 



and therefore 



'2 

a = — . 



Similarly 



6"=- 



0- = ^ 



And the equation becomes 






74. The co-ordinates of the extremities of three conju- 
gate diameters are connected by the relations 






X 



V + % + ^.-l = 



a 

a 6 c 



(1), 



a I 1 !i "t" 



S"'8 I i^^S.'^l I *2^a __ A 



a 



6^ 



a 6 c 
o' ^ 6" ^ c' ~ 



(2). 



Squaring all these equations, and adding twice the squares 
of the second three to the squares of the first three, we get 
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Expanding, and rearranging the terms we get 

\bc be ' be J \ca ca caj \aA ab ah ) 
Whence x* + a;,* + x* = a*\ 

y.'+yZ + y.'^^'' (3). 

ir^a;, + ^fjo;, + £^^, = I .(4). 

This transformation can be easily seen to be equivalent to 

that affected in Art. 44, using — ^ for Zj, and so on. And the 

method of that article may be employed to deduce (3) and 
(4) from (1) and (2). 

Similar relations exist between the direction-cosines of 
the normals to the three planes, each of which bisects chords 
parallel to the intersection of the other two. For if Z^, wi^, w^ 
be the direction-cosines of the normal to the plane bisecting 
chords parallel to the line 

we have -^ = — l = -J , 

5 y* £i 
a* V c' 



a b c 

and similar relations for Z,, m,, n^. Whence equations (2) 
easily give 

d^lJ^-\-Vmjfn^ + c^jfi^ — 0\ (5), 
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and obviously also 

Z,* + m,' + V = li (6). 

75. From equations (3) of the last article we obtain by 
addition 

a'« + 6'« + c" = a* + 6* + c* (1), 

where a\ b\ c are the lengths of the conjugate semi-diameters. 

Let \, fi, V be the angles between (6', c'), {c\ a) and 
(a', V), respectively. 

Then since the direction-cosines of a referred to the prin- 
cipal axes of the ellipsoid are —J, ^,-5, and similarly for 
those of h\ c', we have, by Art. (8), 

sm A.- 6V^~~ ' 

.-. J V- sin' A. = (y,^3 - y^,)» + (^^a?, - z^x^j^ + (a?^, - x^^\ 

But we have ?i.^« + |i.^« + ?i.5» = 0, 

5 ?i+yi y^+fi is^o- 

a a ' 6 c c 

5 h. fi 

a 6 c 




&c ca a6 

o' ^ y ^ c"" 

6c y v ca y v a6 



5r. y. .V 

o' "^ 6' ■*■ c* 



by equations (1) and (2) of the last artiple. 



= + 1 



]| •^ 
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Heuce 6' V sin'X ^ 6V ^ + cV |l + a'j'fi* . 

a . c' 

Similarly c'V sinV = 6V ^ + c V ^ + aW -\ , 

a^b" sinV = 6V ^' + cV ^* + a*V ^' . 

a b cr 

Adding, we get 

(b'c' sin \y + (cV sin /*)»+ (a'6' sia y)»= 6V + cV+ aV. . .(2). 

Again, if p be the perpendicular from the point (a;,, y,, 5,) 
on the plane which contains a' and b', whose equation is 

a* "*" 6" "^ c* ~ "' 

a" "^ 6' ■*" c» 

we have jj = j j 



Hence squaring and multiplying by. the value previously 
obtained for a'^fi'^sin*'*!/ we get 

/a*6'^sin'i/ = a'6V (3). 

But a'b' sin v is the area of the parallelogram whose edges 
are a' and b', and pab' sin v is the volume of the parallel- 
epiped whose base is this parallelogram and whose altitude is 
p, that is, the volume of the parallelepiped whose three edges 
are a\ b', c\ 

By Art. 14 this volume can be expressed in the form 
ab'c'Jl — cos* \ — cos' fi — cos' v+2 cos \ cos fi cos i/. 
Hence this expression is equal to abc. 

76. Another method of obtaining these relations is 
afforded by the consideration that the expression 
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is transformed by taking three conjugate diameters as axes to 
the expression 

x^ y^ z^ ^ 

"7i + ^ + -^ + ^ (^ + ^' + -2^' + ^y^ cosX + 2-3^5? cos /A + 2xy cos I/). 

Consequently, if for any value of k the first expression split 
up into two linear factors, the second expression will do so 
likewise for the same value of k. 

By Art. 49 the requisite values of k for the two expres- 
sions are given respectively by the equations 

and 

— A;*cos'\ (A?+ -^j — A;'cos'/a(^+ -jii) — Ar* cos'i/ [ A? + -75) 

+ 2^* cos \ cos fjL cos 1/ = 0, 

which when cleared of fractions and expanded become re- 
spectively, 

a*6 VA« + (a V + 6 V + c V) A» + (a» + 6« + c') A + 1 = 0, 

and 

a^b\'^ (1 — cos' X — cos' fi — cos' y + 2 cos \ cos fi cos i/) A?' 

+ (6 V sin' \ + c^a" sin' /a + a^ft" sin' j/) i* 

+ (a'' + 6'' + c'')ifc+l = 0. 

And since these equations are identical we get the rela- 
tions (1), (2) and (3). 

They can also be obtained geometrically by a series of 
transformations ; or by finding the values of the maximum 
radius vector of the surface when referred to three conjugate 
diameters as axes. The result will be a cubic equation in r^, 
and the three values of r' will be a', 6', c*; whence the 
values of 

a'6'c', a't' + c'tt'+ft'c', a' + 6'-hc' 
are known in terms of a', 6', c\ 
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The formulae obtained in Arts. 71 — 76 hold for the other 
central surfaces if the proper changes be made in the signs 
of a*, 6* and cl 

77. The equation of the plane which bisects all chords 
of the ellipsoid parallel to the line 

^^y-='- (1) 

a'l y. ^1 
is a;.J+2,.|« + ^.Jj = (2). 

Conversely the chords which are bisected by the plane 

Za7+my + n-sr = (3) 

are parallel to the line 

iL=JL=_f- (4). 

The line (4) is said to be conjugate to the plane (3). 

By Art. 72 every system of chords parallel to any line 
which lies in the plane (3) is bisected by some plane passing 
through (4). 

Hence the plane passing through the origin which bisects 
any system of parallel chords of the section of the ellipsoid 
by a plane 

Zfl7+ wy + n^— jP = (5) 

parallel to (3), must contain the straight line (4). Whence 
it easily follows that the point where (4) meets (5) is the 
centre of the section of the ellipsoid made by (5). The co- 
ordinates of this centre are therefore given by 

78. The co-ordinates of the centre of the section of the 
ellipsoid 

-«+C + ^ = i 0) 

or V c ^ ^ 

by the plane Ix + my + nz — p (2) 

can also be obtained in the following manner. 
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Let a, ^, 7 be the co-ordinates required, and let 

-T— =^^ — ^ = ^ = r (3) 

be the equations of any straight line drawn in the plane (2) 
to meet the ellipsoid, r being the length of the radius vector. 
Then if a?, y, z be the co-ordinates of the point where (3) 
meets (1), we have from (3) 

a; = a + \r, y = ^ 4- /Ltr, £^ = 7 + i/r, 

and therefore from (1) by substitution 

But if a, fiy 7 be the co-ordinates of the centre of the 
section of (1) by (2), the two values of r given by (4) must 
be equal in magnitude and of opposite sign for all straight 
lines lying in (2) ; that is, we must have 

'^ + /*f+|^ = (5) 

for all values of \ fi, v consistent with the equation 

\i + /Ltm + im = (6), 

which is the condition that (3) may lie in (2). 

Hence the equations (5) and (6) must be identical, or we 
have 

la^ mV TIC*' 
and as in the last article each of these fractions 



aT + 6W + c V • 



79. The equation (4) of the last article, when the values 
of a, /S, 7 are substituted in it, becomes 



Comparing this with equation (4) of Art. 68 we see that 



'ni* + c^'d' 
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if r^ be the central radius vector which is parallel to r, we 
have 



^ \ a'P + b'm' •+ cVj • 



Consequently, since the areas of similar figures are pro- 
portional to the squares of any corresponding lines in the 
figures, if A be the area of the section of (1) by (2), and A^ 
the area of the parallel central section, 

Trafcc j p^ 

" Jd'l' 4- bV +lv^ I "aT + 6W + cV;- 

80. The result of the last article can also be obtained in 
the following manner. 

Let a, )8, 7 be the co-ordinates of the centre of the sec- 
tion. Then the equation 

(^^ (3^^.^(^_^.^^ (1) 

a 0* c ^ 

represents an ellipsoid whose centre is at (a, ^, 7), and whose 
semi-axes are ka^ kb, kc. 

At the points where this cuts the given ellipsoid we have 
by subtraction 

Or, putting for a, ^, 7 their values from equation (6) of 
Art 77, 

^ ^ ^ p [a^P + b^m' + c^'nr 

and if this equation be identical with 

loc + my + nz = p (2), 

the sections of the two ellipsoids by this latter plane will 
coincide. 
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The condition for this is 



!-&• = 



P 



2 



aT + 6W + c V ' 



/. ]<^ = 1- 



P' 



But the axea of the section of (1) by the plane (2) which 
passes through its centre, by Art (68) 

_ irlt^abc _ irabcl^ 

'Jar + bW+d'nA aT + bW + M' 
which is therefore the area required. 

81. It can be shewn by an investigation similar to that 
in Art. 71, that the locus of the middle ppints of a system 
of parallel chords of the surface 

whose direction-cosines are ly m, n, is 

2Bmy + 2Gnz = I 

Also the equation of the surface, when two diametral 
planes and a plane through the point where their line of 
intersection cuts the surface, parallel to the two systems of 
chords bisected by them, are taken as planes of zx, xy and yz 
respectively, will assume the form 

where B' and (7 have the same or opposite signs according 
as B and G have. 

We shall however at once proceed to the more general 
problem. 

82. To find the locv>s of the middle points of a system of 
parallel chords in any quaaric. 

Let the equation of the surface be 

Aa? + By^ + C2f''\'2A'yz + 2Fzx + 2C'xy 

+ 2A''x + 2R'y + 2a'z + F=^0 (1), 

which we will denote by F {x, y, z) = 0. 

A. G. "^ 



or 
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Andlet ^ = 2^ = ^11^: = ,. (2), 

be the equations of any one of the system of parallel chords. 

To find the points where (2) meets (1) we must substitute 
a + Zr, yS + mr, 7 + nr for x, y, z in (1). We thus get 

jP(a 4- fo^, yS + mVy 7 + wr) = 0, 
2^(a,A7) + {ig+mg+n^|r + Pr^ = 0...(3), 

where -,-, ^7^, ^- are the partial differential coefficients 
da dp ay ^ 

of F (a, )8, 7) with respect to a, ^8, 7 respectively and P is 

some function of I, m, w. 

The equation (3) gives two values of r, which are the 
distances from (a, fi, 7) of the two points where the line (2) 
cuts the surface (1). If (a, yS, 7) be the middle point of the 
chord these two values must be equal and opposite in sign, 
and the coefficient of r in the above quadratic must vanish ; 

, dF . dF dF ^ 
doL dp dy 

or writing out the values of -j- > 33 and -^ , and rearrang- 
ing, 
a(Al+am-\'B'n) + fi{Cl + Bm + A'n)+y{m+A'm + Cn) 

which shews that the locus required is a plane. 

83. The diametral plane will not in general be perpen- 
dicular to the chords which it bisects. There are however 
certain directions of the chords for which this is the case. 
Let us suppose I, m, n to be the direction-cosines of any chord 
of the system. 

The equation of the diametral plane is therefore by the 
last article, 

x{Al + C'm + Bn) + y{G'l + Bm + A'n)+z(Fl + A'm + Gn) 
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If this plane be perpendicular to the system of chords we. 
must have, by Art. 23, 

Al + Cm + Fn ^ Cri + Bm + A'n ^ m + A'm + Cn 
I m n ' 

Let each of these fractions be put equal to some quantity 
8. We have then 

{A-8)l + Cm + B'n = 0) 

Cri + {B-8)m + A'n = 0[ (1). 

m + A'm + (G-'8)n-=0] 

Whence eliminating I, m, n, we get 

{A ^8), G\ B 

C\ {B^8), A' =0, 
B, A\ (G--8) 

or (A-8){B-8)(G -8)-- A'' {A -8)- B"{B^8)-Cr(G -8) 

+ 2A'B'G' = (2). 

This cubic equation will certainly give one real value of s, 
and the corresponding values of I. m, n are known from any 
two of the three equations (1). From the second and third 
we get 

m n 

A'B -C'{G^8)'' A'C - B^ {B-'8)' 

or m {A'G'-R{B- 8)]=n [A'B - CiC-^s)] 

^l[Fa-'A'{A^s)] (3), 

by symmetry. 

And when the value of s is known, equations (3) give the 
corresponding values of Z, m, n. 

In Todhunter's Theory of Equations, Art. 176, it is shewn 
that all three roots of the cubic are real. 

The equation (2) is frequently called the discriminating 
cubic of the quadric (1). 



1— ^ 



( 100 ) 



EXAMPLES. CHAPTER VI. 



1. If A^, A^ A^ be the areas of the sections of the 



ellipsoid 



a?' y^ }^ - 
— u ^ -I = 1 



made by planes perpendicular to any three generators of the 
cone 

and if » , p^ p^ be the perpendiculars on the planes from the 
origin, then 

A^ ip; -Ps) + ^. iP^-P^) + ^8 (Pi' -P^) = 0. 

2. Find the locus of the centres of sections of an ellip- 
soid, the areas of which are always in a constant ratio to the 
areas of the parallel central sections. 

3. Oi, OM, ON are conjugate semi-diameters of an 
ellipsoid; x^, y^, z^ the co-ordinates of L\ oc^y y^, z^ and 
a?3, yg, ^3 those of M and N respectively. Prove that the 
equation of the plane LMN is 

5K + ^5i + a?3) + |(y, + y, + y3) + ^,(^,+ ^, + ^8) = l- 

4. Find the area of the section of the ellipsoid by the 
plane LMN in the last example. 

5. OLy OMy ON are conjugate semi-diameters of an ellip- 
soid ; a perpendicular is drawn from on the plane LMN 
meeting it at Q ; and a diametral plane is drawn parallel 
to the plane LMN, Shew that the cone which has its vertex 
at Q and for its base the section of the ellipsoid by the 
diametral plane, is of constant volume. 

6. Find the locus of the directrices of all sections of an 
ellipsoid made by planes passing through the least axis. 
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7. Shew that a straight line parallel to the least axis of 
an ellipsoid will be the directrix of two plane sections of the 
ellipsoid, provided the straight line be situated between two 
definite cylindrical surfaces. 

8. Find the locus of the centres of sections of an ellipsoid 
made by planes at a constant distance from the origin. 

9. If A, By G be the areas of any three conjugate dia- 
metral sections of an ellipsoid ; X, Y, ^ those of the sections 
made by planes respectively parallel to them and intersecting 
in a point on the surface, prove that 

X Y Z_^ 

10. Any generating line of the cone 

Pa^ + Q/ + iJ^ = 

being taken, a plane is drawn diametral to it with respect to 
the surface 

Aa^ + Bf-^Ga^^l. 

Shew that the principal axes of the sections of the latter 
surface by such planes all lie on the surface 

+ ^^{{C- A) a? +{0-3)^^ = 0. 

11. Find the co-ordinates of the centre of the section of 
the surfece 

By' + G^^^x 

made by the plane Ix + my + nz=p. 

Find the locus of the centres of all sections made by 
planes passing through a fixed point. 

12. If in question 3, the point L remain fixed, shew 
that the perpendicular from the origin on the plane LMN 
describes the cone 
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13. If the plane Ix + my + nz=p cut the surface 



in a parabola, prove that 

14. Corresponding points on an ellipsoid of semi-axes 
a, b, c and a sphere of radius r, being defined by 

X _^os y _y' ^ ^^ 
a" r ' 6 "" r * c^ r ^ 

then if OP and Op be corresponding radii of the ellipsoid 
and the sphere, Uq and Or any two radii of the sphere 
perpendicular to OP, prove that Op will be perpendicular to 
OQ and OR, the radii of the ellipsoid corresponding to Oq 
and Or. 



CHAPTER VII. 



THE GENERAL EQUATION OF THE SECOND DEGREE. 

84. The general equation of the second degree can be 
written 

Aa?-vBy'-\-G:^-\' 2A'yz + 2Rzcc-\-2Crxy 

+ 2A"x + 2B'y + 2(J'z + i?' = (1), 

which we will denote by F {x, y, z) = 0. 

The object of the present chapter is to examine the 
nature of the different surfaces represented by (1), and the 
conditions that it may represent any particular kind of 
surface. 

We shall first examine whether the locus represented by 
(1) has a centre. 

If it has a centre and this point be taken for origin we 
know, by Art (70), that the terms of the first degree must 
disappear. 

Assume a, /S, 7 as the co-ordinates of the centre. The 
equation when the origin is transferred to this point is ob- 
tained by substituting in (1) a?' -f- a, j/' -f- yS, / + 7 for x, y, z, 
respectively (Art. 43), and is therefore 

F{x' + a, y+fi, / + 7) = 0, 
which can be written 

n / r» \ . / dF , dF , dF . ^ 
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the remaining terms being of the second order in aj', y\ z\ 
and -^ , -To i -J- having the same meaning as in Art. 82. 

If the coefficients of a?', y\ z vanish, we have 

dF ^ dF ^ dF ^ 
—^=0 — =0 -— = 

or writing them out at length, 

0'a+5i9+^'7 + ^" = oi (2). 

These equations determine a, /8, 7. We get from them 





A" C F 




B" B A' 


fl SS.mmm. 


0" A' C 


\JL "— 


A & R 




C B A' 




R A' C 



ABC + 2A'BG' - AA"' - BB' - CO" 



P _ A"(CG'--A'B') + B'' jB'^- CA) + C'\AA'- RCT ) 
b;milarly p - ABG-^2A'B'G'"AA'*-BE''-GG'^ 

^ A''{BB'-CA')+B"(AA'-B'G') + G" jG" - AB) 
^ ABG-^ 2A'B'G'^AA'^-BF'^GC' 

We can therefore always obtain finite values of a, /S, 7 except 
when 

ABG + 2A'B'G' --AA'^- BB'^ - GC^ = 0, 

in which case the surface has not a centre unless the nume- 
rators of the above three fractions vanish, when the values 
of a, ^, 7 become indeterminate ; the reason of such inde- 
terminateness being that the three equations (2) are not all 
independent. (Todhunter's Algebra, Arts. 214, 215.) 

If the denominator do not vanish the surface has a centre 
whose co-ordinates are given by (3). 

It may be noticed that the equations (2) are the con- 
ditions that the point (a, ^, 7) shall lie in the diametral plane 
to all systems of chords. (Art. 82.) 
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85. We see from the last article that it is not always 
possible to get rid of the terms involving oo, y, z. We shall 
now shew that it is always possible to simplify the equation 
by transformation so as to get rid of the terms involving yz, 
zx and xy. 

By Art. 83 we know that there is at least one system of 
parallel chords which is perpendicular to its diametral plane. 

Let a straight line parallel to these chords be taken as the 
axis of z and let the transformed equation be 

Pa?'\-Qy''^Rz'' + 2Fyz + 2Qzx-{-2Rxy 

+ 2P''x + 2Q''y+2R'z + F=- 0. 

The direction-cosines of the chords which are perpen- 
dicular to their diametral plane are given by the equations 

PI + R'm +Qfn = si, 

R'l + Qm + P'n = sm, 

Ql + P*m + Rn = sn. 

But since these chords are parallel to the axis of Zy these 
equations must be satisfied by 

1 = 0, m = 0, n = 1. 

Whence we get Q' = 0, P' = ; and the equation of the 
surface is 

Pa? + Q'f + R^ + 2Rxy + 2P"x-\-2Q"y\-2E'z'^F=^0. 

Turning the axes of x and y in their own plane through 
an angle 6 given by the equation 

2R' 

tan 26 = ^ — -^ (Todhunter's C(Mic Sections^ Art. 271), 

the term involving xy disappears, and the equation assumes 
the form 

Pa? + Qy^ + R^ ■^2P"x + 2Q!'y + 2R'z •\- F = 0. 

The equations which determine the directions of the 
principal diametral planes are now satisfied by Z = 1, m = 0, 
n = 0, or by i = 0, m = 1, n = 0. Consequently each of the 
axes of X and y as well as that of z is parallel to one of the 
three lines determined by equations (1) of Art. 83. 
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We thus have an independent proof that these three 
directions are all real and at right angles to each other. 

86. We have now shewn that by a proper choice of 
axes the terms involving yZy zx and xy can be made to 
disappear. It remains to explain how the coefficients of 
the different terms in the resulting equation can be de- 
termined. 

Let ij, m^, n^\ l^, m,, n,; ig, m^ n^ be the direction- 
cosines of the new axes. These values all satisfy the equa- 
tions (1) of Art. 83. Let s^, 5,, 8^ be the corresponding 
values of s. 

By Art. 44 the required transformation will be effected 
by substituting for x, y, z the expressions 

respectively. If therefore the original equation be 

Ax^ + By^ + (7^ + 2A'yz + 2Fzx + ^Cxy 

+ 2A''x + 25"y + 20'' z + ^ = 0, 

the coefficient of x'^ in the result will be 

Al^ + Bm^ + Gn^ + 2^^^, + 2BnJ,^ + 2C%m,, 
But from Art. 83 we have 

G'\ + Bm^ +A'n^ = s^w^, 
B\ + A'm^ + Gn^ = Sj^ii. 

Multiplying these equations by l^y m^, n^, respectively, 
and adding, we get 

Al^ + £m,« + Gn^ + 2^^^, + 2B n,i, + 2ai^m, = 5^. 

Hence P the coefficient of a?'* is s^. Similarly Q = Sj, 
iJ = Sg, or P, Q, R are the three roots of the discriminating 
cubic. 

It follows from this that the coefficients of the discrimi- 
nating cubic remain unaltered in value however the axes 
may be turned about the origin. 
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The results of this article have been already obtained by 
a different method in Art. 61. 

87. It is easy to verify that the coefficients of ]fz\ sfx 
and x'y disappear ; since \y m^, n. ; ?,, w^, n^ ; l^y m^ n^ are 
the direction-cosines of lines such that any one is parallel to 
each of the planes which bisect chords parallel to either 
of the others, and thus l^y m^, n^, l^, m^, n^, satisfy the 
relation 

+ F (n^l^ + n^l,) + Cr {l,m, + l^m,) = 0, 

and the expression on the left-hand side of this equation is 
the coefficient of xy' in the transformed equation. 

The coefficients of x\ y' and z in the transformed equa- 
tion will be 

2 {A'X + B'm, + OX), 2 (^'7, -f- B'm^ + (7''n^ 
and 2 {A\ + B'm^ + OX), 

respectively, and the constant term remains unchanged. 

88. The equation when transformed to 
Pic'+Qy" + i2«' + 2P"a; + 2Q'V + 25"« + ^=0 

can be farther simplified by a change of origin. 

Suppose first that none of the quantities P, Q, -B vanish, 
that is, that none of the roots of the discriminating cubic 
vanish, which will be the case if the constant term of the 
cubic, or 

ABG -h ^A'BV - AA'' - BB^ - GG\ 
be diJBferent from zero. 

In this case the equation can be written 

P'V r^( Qfy -o( ^""^ 



P(«+|r)+«(y + |) + ^(« + f) 



p//2 fy^ T>'f2 

7+ « +T-^=^' 
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and transferring the origin to the point whose co-ordi- 
nates are 



(- 



P" Q' E' 



P ' Q ' R 
this becomes 

This represents an ellipsoid, a hyperboloid of one or two 
sheets, or an impossible locus, respectively, according as the 

jpf jpt T7II 

quantities "p > 7) > -p are all positive, two positive and one 

negative, one positive and two negative, or all negative. 

Thus unless 

ABC + 2A'EG' --AA'^^ BB" - CC 

vanish, the surface has a centre and is one of the surfaces 
whose equations we have already investigated. 

Now if we had first changed the origin to be the centre, 
we should have got rid of the terms of the first degree, and 
the equation would have been 

Aa? + By^+Cz^-\-2A'yz-\-2Bzx + 2Cxy'=F' (1), 

which by turning round the axes would become 

Pa^'bQf+R2f' = F, 

and consequently, if F be positive the surface (1) will re- 
present an ellipsoid, a hyperboloid of one or two sheets, 
or an impossible locus according as the roots of the dis- 
criminating cubic are all positive, two positive and one 
negative, one positive and two negative, or all negative. 
If jP' be negative the order of the statement must be 
reversed. 

89. If F vanish the surface is a cone. Now returning 
to Art. 84 we see that F = — F{a, ^, 7), where a, ^, 7 are 
determined from the equations 

Aa + C'l3 + Fy + A'' = 0) 

Ca-^B^-^-A'y + B'^ol (2). 

B'a-i-A'^+ Gy+G'' = 0) 
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Multiplying the first of these by a, the second by )8, the 
third by 7 and adding, we get 

Aa' + B^ + Cy' + 2A'^y + 2^72 + 20'a/3 

+ A''a + R'l3 + C''y^0. 
But 

At!" + B/^ 4- C7» -f 2A'^y -f 2^72 + 2a'a/3 

+ 2^'a + 25"/3 + 2Cy + F= F {a, ^, y) = - F, 

Subtracting the first of these from the second, we get 
^F = A"a + R'l3 + G''y + F. 

Hence if the surface be a cone 

A''a + B"l3 + G''y + F=0. 

And eliminating a, fi, 7 between this equation and the 
three equations (2), we get as the condition that the surface 
represents a cone 

A G' B A'' 

G' B A' B' 

B A' G C 

A" B" G" F 



= 0. 



90. Suppose, secondly, that one of the quantities P, Q, R 
vanishes, as P. From this it follows that the constant term 
of the cubic in 8 must vanish, or 

ABG + 2A'BG' - AA'^ - BB^ - GG"^ = 0, 

which we saw in Art. 84 indicated that there was not a 
definite centre. 

The equation becomes 

qf + Rz'^2r'x-^2q'y'¥2B:'z + F^0, 

and by changing the origin we can get rid of the terms 
in y and z^ and the constant term; the equation thus 
becomes 

Qf + JB^* + 2P"^ = 0, 

which represents an elliptic or hyperbolic paraboloid ac- 
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cording as Q and jB have the same or opposite signs, or 
according as 

which is the coefficient of s in the cubic, and therefore 
equal to the product of the two finite roots, is positive or 
negative. 

91. Thirdly, let two of the quantities P, Q, B vanish, 
which necessitates the two conditions, 

ABC + 2A'B'Cr ^AA"-- BR* - (7(7» = 0, 

BC+CA+AB--A''^B"^Cr'==0. 

The equation now becomes 

Ez" + 2F'x + 2 Q"y+ 2E'z + F= 0. 

And by changing the origin, the term involving z and the 
constant term may be removed, and we get. 

Rz* + 2P"a) + 2Q''y = 0. 

By turning the axes of x and y round in their own plane, 
the equation can be reduced to the form 

JB/ + 21^'' X = 0, 

which represents a parabolic cylinder whose generating lines 
are parallel to the axis of y. 

The two conditions 

ABC + 2A'FC' - AA'* - BB* - CC* = 0, 
BC+CA+AB-A'^-B'^-'C^^O, 

can be replaced by simpler ones. For the first equation is 
equivalent to either of the forms 

{CA - B'^ (AB - C") = (FC - AA')\ 
{AB - C) (BC - A'') = (CA' - BBJy 
{BC^A'*) {CA - E') = {A'F - CC)\ 

whence it foHows that the three quantities AB — C'*, CA — B'*, 
BC "A"* have all the same sign, and therefore if their sum 
vanishes they must vanish separately, and we must have 

BC-A'*==0, CA-B'^^O, AB-C" = 0. 
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We must also have 
BV-AA'^O, G'A'-BB^O, A'R-CG' = 0, 
but these are included in the former. 

92. If only one of the quantities P, Q, jR, as P, vanish, 
and P" also vanish, the equation becomes 

Qy' + Rz' + 2Qf'y + 2B:'z + F=^0, 
which can be reduced to the form 

and therefore represents an elliptic or hyperbolic cylinder ac- 
cording as Q and R have the same or opposite signs, that is, 
accor(ung as 

BC-A^'-^-GA^F' + AB^C^ 

is positive or negative. 

If Q, R and F" have all the same sign the locus is an 
impossible one. 

The condition that P" may vanish is, that 

should vanish, where Zj, m^ n^ are the values of I, m, n de- 
rived from equations (1) of Art. 83 by putting 5 = 0. But 
these values are proportional to 

1 1 1 

FC'-AA'' CA'-^BF' A'B-Ca' 

so that we get 

FC - AA' ^ C'A' - Bff^ A'R - CC 

This condition may be obtained in another form from the 
consideration that the equations 

A"l, + B"m^ + G'\ = ^ 
Al, +Cm, +-B'w, =0 
Cl^ +Bm^ +A\ = 



(1) 
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must be all satisfied by the same values of l^, w,, n^, and the 
requisite conditions that this may be the case are 

ABC + 2A'Ba - AA'^ - £5'" - GG'^ = 0, 

united with any one of the set, 

A' {GG' - A'B) + W (B'^ - GA) + G" {AA' - EC) = 0, ' 
A'' {A"' -BG) + B' (GG' - A'ff) + C" (BB' - CA') = 0, . 
A" {BF - G'A') H- B" {A A' - BV) + G" (C'» - ^5) = 0. ^ 

The equations (1) are evidently the conditions that the 
three equations (2) of Art. 84 should not be independent^ and 
consequently there is a line of centres. 

93. If two of the roots of the discriminating cubic as P 
and Q vanish, and P", Q" also vanish, the locus reduces to 

i2«'* + 2iJ"^ + P = 0, 

which represents two parallel planes. The conditions for the 
two roots vanishing are 

BG^A^^O, GA'-B'^O, AB-^U^^O (2), 

and 7j, m^, n^ are only restricted by the equation 

A\ + Cm^ + £X = (3), 

with which the other two equations in (1) Art. 83 become 
identical. 

If we have also A"l^ + B"m^ + G"n^ = 0, for all values of 
ij, 9Wj, n^ consistent with (3) we must have 

A^_B^_C^ 
A ~a " ff' 

or from (2) -7= = -= =-7= . 

^ JA JB JG 

94, On the whole then we have the following results. 

I. If ABG + 2A'EG' - AA'^ - BB^ - GC^ be not zero, 
the equation represents an ellipsoid, a hyperboloid, or an 
impossible locus, with the cone as a variety of the hyper- 
boloids. 
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IL If ABC + 2A'Fa - AA'^ - BF^ - (7(7« vanishes, 
the equation in general represents an eUiptic or hyperboUc 
paraboloid according as 

BC -\-CA -¥ AB - A'^ --B^ ^O^ 

is positive or negative; which may degenerate into an 
elliptic or hyperbolic cylinder, with an impossible locus, a 
straight line or two intersecting planes, as particular cases. 

m. If BC-A'\ GA^B\ 4£-(7« all vanish, the 
equation represents a parabolic cylinder which may degene- 
rate into two parallel or coincident planes. 

The conditions that the equation may represent a surface 
of revolution may be obtained from the consideration that 
two roots of the cubic in s are equal. This is discussed in 
Todhunter's Theory of EquatirniSy Art. 179, to which the 
reader is referred. 

The reduction of the equation in the particular case 
when 

ABC + 2A'EG' - AA'^ - BF^ - CC* = 
may be effected by writing it in the form 

{Ax-¥ay + B'zf'¥{AB''Cr)y'^2{AA'^ffa)yz 

-f ((7^ - £*) ^ + ^ (2A"x H- 25"y H- 20" z + F) = 0, 

AA' - B'G CA - B'« 

orputtmg AB--U' ^^^ AA'^BG ' 

{Ax+Cry + B'zr + (AB^(P){y + pzy 

+ A {2A"x + 2J5'V + W'z + iO = 0. 

And if we take as co-ordinate planes the planes 

. Ax + Cry + B'z-=0, 

y-^pz = 0, 
2A"x + 2B'y + 2C"z + F= 0, 

this equation wiU in general assume the form 

which represents one of the paraboloids. The axes are not 
however rectangular. The exceptional cases can be deduced 

A.G. ^ 
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from the consideration that the reduction fails when any 
two of the three planes are parallel, or when one of them 
is parallel to the intersection of the other two. 

We shall conclude this chapter with the following general 
proposition. 

95.* If tfwo swrfaces of the second degree intersect in one 
plane curve, all their other points of intersection lie in another 
plane curve. 

For let /S» = and £f' = be the equations of the two 
surfaces, and Ix + my + tus — jj = 0, or a = 0, the equation of 
the plane of intersection. Then the curve in which a = 
cuts the surface /S = coincides with the curve in which it 
cuts the surface 8' = 0. So that the three equations /S = 0, 
iS'= 0, a= are satisfied by an indefinite number of values 
of 0?, y and z. 

Consequently the expression S must be identical with 
kS' -f a^, where A? is a constant and ^ a linear function of 
X, y, z. 

Hence when 8=^0 and £f' = 0, we have a = or )8 = 0, 
that is, all the points of intersection lie in one of the two 
planes a = 0, or )8 = 0. 
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1. Investigate the nature of the surfaces, 

(1) 2a? + 5y' + 3a' + 2yzSzx - 2iC2^ - 1 =0. 

(2) 0?' + 4^^ - «' - 2yz -ZX+ 4fxy +2z = 0. 

2. Interpret the equations : 

(1) yz + zx-\'Xy''X'-2y — Sz + 2 + a = 0, 

(2) a?+ 2y'- 3i5"+ 2yz - 4iZX-2xy + Sx = 0. 

(3) a?+9y'-6xy + 2y-4iz==0. 

(4) a;" + y' -2?-^2yz'\-2zx-2xy + 2x+ 2y + 2z^a\ 
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3. Shew that the two surfaces whose equations are 

-- 2bcyz — 2cazx — 2abxy = 1, 

and {cy — J«)* + (az — cxY + (bx — ayY = 1, 

have their axes coincident in direction. What kind of sur- 
face are they respectively ? 

4. Discuss the surfaces obtained by giving dififerent 
values to ft in the equation 

a^ + 2y'' + 2z' - {2 ''2fi) yz-2zx= d". 

5. Find the nature of the surface 

x^ 1? . «* yz zx xy 3a; 3v 3^ ^ ^ 
or b c DC ca aJb a c 
and shew that it touches the co-ordinate planes. 

6. If one of the angles between the co-ordinate axes be 
a right angle and the other two be supplementary, prove that 
the sum of the squares of the axes of the surface 

xy ^yz-^-zx + d^^^O 

is 12cP (Ex. 7, Chap. iv.). 

7. Shew that if two generators of a hyperboloid of one 
sheet be taken as two of the axes of co-ordinates, the equa- 
tion is of the form 

s? + az^ lyz -h mzx -f- nxy, 

8. Find by the method of Art. 68 the position and mag- 
nitude of the axes of the section of the surface 

Aa?-\'By^ + C^ + 2A'yz + 2Bzx + 2Crxy = 1 

by the plane 

Ix + my -f 7i« = 0. 

9. Find by the methods of Arts. 68 and 78 the centre 
and axes of the section of the surface 

J^ + Jy+Jz^O 
by the plane 

fo -h my -f 71^ = 1. 

10. If the equation 

C3WJ* H- 6i/" + Cis' + 2Vzx + 2c' xy + 2a' x + 2b" y -h 2c" z + d = 
represent a paraboloid of revolution, prove that c = J + a. If 
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the upper sign be taken, prove that the equations to the 
axis are 

cz + c" =0, (cx + a") Ja + (cy + 6") Jb = 0, 

and find the condition that the paraboloid may reduce to a 
circular cylinder. 

11. Find the equation of a surface of the second degree 
which contains two given straight lines at right angles, and 
the condition that it may be a hyperboloid of one sheet. 

Take the shortest distance between the lines as axis of z, 
the middle point of it as origin, and the axes of x and y 
parallel to the two lines. 

12. Find the equation of the surface generated by a 
straight line which meets three straight lines which are 
mutually at right angles, but which do not intersect. 

18. Shew that the section of the surface 

Aa^ + Bf + (7«» + 2A'yz + 2Bzx + 20' xy = 1, 

by the plane Ix + my + n» = 0, will be a circle if 
Bn^ + gm' - 2A'mn ^ a^ + An^" 2B'nl ^ Arn^ +BP -2 (77m 
m' + n^ n^ + l^ P-fm« 

14. Shew that the axes of the surface 

Ax" + By"" + Cy^ + 2Ayz + 2Ezx + 2G'xy = 1 

lie on the two cones 

G'{a?--j/')'-B'yz-¥A'zx-{A^B)xy^O, 

A' (f-2^)-{B-C)yz'-C'zx + B'xy = 0. 

15. A cone whose equation referred to its principal 
axes is 

is thrust into an elliptical hole whose equation is 

o' ^ 6' 

Shew that when the cone fits the hole its vertex must lie 
on the ellipsoid 

l.l + ^fk + k]^! 



CHAPTER VIII. 

ON TANGENT LINES AND PLANES. 

96. The straight line joining any point P on a surface 
to another point Q on the surface, is called a chord. If the 
point Q be made to approach indefinitely near to P, the 
limiting position of the chord PQ is said to be a tangent line 
to the surface at the point P. 

In general all the tangent lines at the point P lie in a 
plane, which is called the tangent plane at P. This we will 
now prove. 

Let x^y^zhe the co-ordinates of any point P on a surface 
whose equation is 

F(x,y,z)^0 (1). 

And let the equations of any straight line through P be 

—i-=^4r^ =——=»• 2), 

where a/, y\ si are current co-ordinates. 

To find the points where (2) meets (1) we must substitute 
a; -h &•, y -f mr, Z'\-nr for a?, y, z in (1) ; 
we thus get the equation 

F{x + Zr, y + wr, z-Vnr) = ; 
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, f,dF dF dF\ 

+ 

supposing F (x, y, z) to be of thep*** degree in a?, y, z. 

This equation gives the distances from P of the different 
points in which (2) cuts (1), and since {x, y, z) is a point on 
the surface (1), F (x, y, z) vanishes and the equation (3) is 
satisfied by one value of r equal to zero. 

If Z, m, n be such as to satisfy the equation 

jdF^ dF^ dF ^ ... 

^di-^^^ + ^d^ = ^ <*>' 

two values of r are zero, and the line (2) meets the surface in 
two coincident points, and is therefore a tangent line to the 
surface at (a?, y, z). Equation (4) is therefore a condition 
which must be satisfied by the direction-cosines of all tangent 
lines at the point P. 

But for all points in any such tangent line we have 

flj' — a? __ 2/' — 2/ _ «' — « 
I m n ' 

Consequently for all points in any such tangent line we 
have 

, f V dF . / / V dF , , » dF ^ /^x 

whence it follows that all the tangent lines in general lie in 
a plane whose equation is (5 j. 

97. It may happen that at a given point of a surface the 

three quantities -7- , j— and -7- all vanish. 
^ dx dy dz 
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If this be the case, the equation (3) of the last article 
always gives two values of r equal to zero, and all lines 
through the point P meet the surface in two coincident 
points. The vertex of a cone is such a point. If we take 
2, m, n such as to satisfy the condition 

-(PjP jcPjP ^^F 

+ 2mw^^ H- 2riZ ;,^ + 2im:^ = ... (1), 
dydz dzdx ax ay ^ ' 

three values of r will be zero, and the straight lines whose 
direction-cosines satisfy this equation meet the surface in 
three coincident points; eUminating I, m, n, we have as the 
equation of the locus of all such straight lines 

4.2(!,'-i,)(/-.)|J+2(^-.)(«'-.)^ 

+ 2(.'-.)(2/-y)A^^ = (2). 

which is the equation of a cone of the second degree whose 
vertex is at the point {x, y, z). See Art. 34. 

A point at which ^- , -r=— and -^ all vanish is called a 
^ ax ay dz 

singular point on the surface, and the cone (2) is called the 

tangent cone at that point. 

98. In the case of Art. 96 we see that all straight lines 
whose direction-cosines satisfy (4) meet the surface in two 
coincident points. If we take 2, m, n such as to satisfy both 
the conditions 

,dF ^ dF ^ dF ^ 
dx dy dz 

cPF ^ ^ J dJ'F ^ ^j d^F ^ 
dydz dzdx dxdy 
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the Straight lines whose direction-cosines are obtained from 
these equations meet the surface in three coincident pointa 
They are therefore tangents to the curve in which the tan- 
gent plane meets the surface. This curve, therefore, has a 
double point at the point of contact, since the above equa- 
tions in general give two values of the ratios l:m\n, which 
values may be possible or impossible. 

If the surface be of the second degree, the two straight 
lines given by (1) lie wholly on the surface, and are possible 
if the surface be a hyperboloid of one sheet or a hyperboUc 
paraboloid, and impossible in other cases. 

99. The equation of a surface is often given in the form 

z^f(p^ y)> or z -/{a?, y) = 0. 

T xi,- d^t. d/ ^z dF. dz 

In this case -^- becomes — :r- or - j- , j- becomes — -7- , 

dx ax ax ay ay 

and -T- becomes unity. The equation of the tangent plane 

becomes therefore 

dz dz 

It is usual to denote the quantities -r- and -7- by the 

d*z 6?z dfz 
letters p, 5, and the quantities -7-3 , -r-j > , , by the letters 

r, ^, 5, respectively. 

100. The equation of the tangent plane being 
, , .dF . , .dF^ , , .dF ^ 

the length of the perpendicular on it from the origin is 



dF dF dF 
dx ^ dy dz 

//dFV , /dFV , /dF\* 



(1). 
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The letters Z7, F, W are frequently used to denote 

dF dF dF 
dx' dy* dz* 

and the letters u, v, w, u\ t/, w to denote 

^ ^ d^F _d^ _^ d^F 
da?* dy" ' d^ ' dydz* dzdx* dxdy* 

respectively. With this notation the above expression be- 
comes 

If we take the form of the equation in Art. 99, the length 
of the perpendicular is 

JTW^ ^* 

101. As an example take the tangent plane at any point 
(pi y, z) of an ellipsoid whose equation is 

^+|'+^'=i (1). 

a be ^ ^ 

Here U=^, F=t. ^=^5 

a b c 

and the equation of the tangent plane is 

or^ + ^+^ = ^ + ^ + ^' = l (2). 

The equation of every plane can be expressed in the form 

\x' +fiy' + vz'=^p (3), 

where p is the length, and \, fi, v are the direction-cosines, of 
the perpendicular on it from the origin. 



X y z 1 ^ ^' 



122 ON TANGENT LINES AND PLANES. 

If we suppose (2) identical with (3), we get 

a^ V e 

aX ha cv >/a V H- 6 V + c V / skm . l« « . ^« 

- ^ - ./^ZZT? 

And the equation of the tangent plane becomes 

-Kx' + fiy + vz = Ja^X' + by + d'v'' (5), 

a form which is often useful. 

The length of the perpendicular on (2) from the origin 

1 



y 



^ t t 



The values of \, ft, i; the direction-cosines of this perpen- 
dicular are ^, ^, ^ by (4), and the co-ordinates of the 

foot of this perpendicular are consequently ^-j- , ^ , — a . 
102. The equation of a paraboloid being 

T+r=^ ^^^' 

the equation of the tangent plane at (a?, y, z) becomes 

, 2y , 2« , 21^ 2«' 

or ^ ~i'y T '^ ~^"""f"""T ~""^' 



or 



^.y + y. <'' = «/+«' (2)- 
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This can be put into another form, for comparing it with 
we get 



/^ ^ ^ ^ ^ _ P 



2y 2z -1 x' 
I V 

p la I'v 

and therefore from (1), 

and the equation of the tangent plane becomes 

^ + ^^ + v,' = Jj^^ (3). 

103. The normal to a surface at any point is the straight 
line drawn through that point perpendicular to the tangent 
plane. 

The equation of the tangent plane at (x, y, z) is 
. , V dF f , V dF fj . dF f. 

and the equations of a straight line through the point (x, y, z) 
perpendicular to this plane are 

x—x v' — y z' '- z .,v 

-^=V=-^ (i>- 

dx dy dz 

These are therefore the equations of the normal. 

The equations of the normal to an ellipsoid at the point 
(a?, y, z) are 

a^ (x' -x) ^ h\y ^y) ^ c"" jz' ^ z) 
X y z ' 



(2). 
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If we take the equation of the surface to be 
the equation of the tangent plane is 

and the equations of the normal are therefore, 

X —X +p (/ — 2r) = 

y'~y + ?{^'-'2r)=0^ 

104. The equation of the tangent plane to a surface 

F{x,y,z)^0 (1) 

at the point (a?, y, z) is 

. , V dF , , . dF f , . dF 

If this plane pass through a point whose co-ordinates are 
^> A 7> w® have 

(«-.)g+(«-rtf+(,-.)f-0 W. 

This relation is satisfied by the co-ordinates of all points, 
the tangent planes at which pass through a given point 
{p^> A 7)' It is the equation of a surface which by its inter- 
section with (1) determines the points of ^contact of tangent 
planes to (1) drawn through (a, )9, 7). 

105. We can shew that all these points of contact lie on 
a surface of the degree next below that of the original surface. 
For let F {x, y, z) be of the p^^ degree, and let us assume 

F{x, y, z) =1*, + ^^! + w^ + ...+u^ + Wi + Wo> 

where u^, u^^., denote the terms of the p^^ (p — 1)**^... de- 
grees respectively. 

Then the points of contact are determined by (1) and (2), 
and the latter may be written 

^dF dF dF^^dF dF dF 
dx dy '^ dz dx ^ dy dz* 
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But by a well-known theorem (see Todhunter's Diff, Cah. 
Chapter vin. Ex. 3), 



dF dF dF , ^. 

But for all the points of contact we have 

F{x,y,z) = Oi 

therefore 0=pUp+pu^^-^ ... +pu^+pu^+puQ (4). 

Subtracting (4) from (3) we get 
dF , dF dF e. / c%\ / -ix 

and equation (2) becomes 

JTCT /1JP fIV 

Now j~ > ;j~ > ;j" ^® ^f ^^® {P — 1)*^ degree, conse- 
quently (5) represents a sur&ce of the (p — 1)*^ degree. 

If the original surface be of the second degree, all the 
points of contact lie in a plane. 

106. The equation of the tangent plane to an ellipsoid 
at the point (a?, y, z) is 

(xfx 'ify ^_i 
O c 

If this pass through a point (a, /3, 7), we must have 

^ + F + ?--^ ^^^' 
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a relation which is satisfied by the co-ordinates of all the 
points of contact, and which is therefore the equation of the 
plane of contact. 

The plane (1) is called the polar plane of the point (a, )9, 7) 
with respect to the ellipsoid ; and (a, )9, 7) is called the pole 
of the plane (1). 

If all the points in which (1) cuts the ellipsoid be joined 
with (a, )8, 7) the joining lines will form a cone, and will all 
touch the ellipsoid, since each of them lies in the tangent 
plane at the point where it meets the surface. This cone is 
called an enveloping cone. 

Conversely, if at all points at which any plane cuts an 
ellipsoid, tangent planes be drawn, these planes will all meet 
in one point, which is the pole of the cutting plane. 

If a series of planes be drawn passing through a fixed 
point and cutting an ellipsoid, the poles of these planes will 
all lie in a fixed plane which is the polar of the fixed point. 
Let (a, )8, 7) be the fixed point, and (x, y, z) the pole of any 
plane through (a, )9, 7). 

The equation of the polar of (ar, y, z) is 

^» + j8 t- ^2 - 1. 
If this plane pass through (a, )9, 7) we must have 

a^ ■*■ V "^ c* ^ ' 
which shews that (a?, y, z) lies on the polar of (a, )9, 7). 

If a series of planes be drawn passing through two fixed 
points and therefore through a fixed straight line, the poles 
of these planes will all lie in each of two fixed planes which 
are the polar planes of the two fixed points, that is, they will 
all lie in a fixed straight line. 

Similar results hold for all the surfaces of the second 
degree. 
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107. The equation of the enveloping cone can be found 
by a process similar to that adopted in Art. 34. The equa- 
tions of any generating line can be written 

I m n ^ 

and the equations of the curve of contact are 

By substituting for x, y, z from (1) in the equations (2) 
their values a + ir, ^ + mr, 7 + wr and eliminating r, we 
obtain a relation which i, m, n must satisfy in order that the 
line (1) may pass through some point of the curve (2). 

The equations (2) can be reduced to one equation of the 
j>**^ degree, and one of the (p — 1)*^, and the result of substi- 
tuting for X, y, z from (1) will therefore be 



(3), 



where A^ is a homogeneous function in I, m, n of the jf^ de- 
gree, -4p_i and -B^.j are homogeneous functions of the (p — 1)**^ 
degree, and so on. 

The equations (3) can therefore be expressed in the form 
a; {nry +^Vi(^rr'+...+A'^r + ^ = 0, 
^p-i {nry-^ + ^p-l^rf-^ + . . . + ^I'Tir + £« = 0, 
where -4^', A\_^y ...-4/, A^^ S'p-i, ...^1', ^o ^® functions 

of - , — , and the result of eliminating nr between them will 
n n 

be of the form 

^ \n nj 
and the equation of the cone is therefore 

^ Kz-y z -yj 
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108. In the case of an ellipsoid the equation of the plane 
of contact is 



ouc fiy yz ^ ^ 

-T + ^ + T-l = (1), 

a b c ^ ^ 

and we have to substitute a + lr, /3 + mr, y + wr, for x, y, z 
in (1), and in the equation of the ellipsoid 

-.+i+K=i (2). 

a c 
We thus get 

J fV m* n\ 2 . -, fal 8m yn\ 

"T" ""2 ' 1.8 ' a "'' — \J»"» »•' fyTJ y 

Ob C 

and substituting for r from (3) in (4) we obtain 

This is the relation which I, m, n must satisfy in order 
that the straight line 

I m n 

may pass through some point in the curve of intersection of 
(1) and (2). 

The equation of the enveloping cone is obtained by sub- 
stituting x — a, y — ^, z — y tor l,m, n, and is therefore 
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109. This equation can be obtained in another form by 
the aid of the following proposition. 

Let /Si = be the equation of any surface of the second 
degree, and let w = 0, v = be the equations of two planes. 
Then the equation 

8+\uv = (1), 

where \ is some constant, will represent any surface of the 
second degree passing through the curves of intersection of 
8 = with u = and v = 0. For if 8' = be the equation of 
any such surface, it is evident that 8' cannot assume any 
other form than k(8 + \uv) consistently with the suppositions 
that it is of the second degree, and is satisfied by all values 
of X, y, z which make 8 and u vanish simultaneously, and 
also by all values which make 8 and v vanish. 

Again, if we suppose the plane t* = to change its position 
so as to coincide with v = 0, the equation (1) represents any 
surface touching 8=0 along the curve in which the latter is 
cut by t; = 0, and becomes 

8 + \v^=0. 
Hence the equation 



a 



represents any surface of the second degree touching the 
ellipsoid at all the points of contact of tangent planes through 
(a, iS, 7). If we take \ such that (2) shall pass through 
(a, /8, 7) it must represent the enveloping cone. Substituting 
a, )8, 7 for X, y, z, we get 

a* c \a c ) 

Whence the equation of the enveloping cone becomes 

W + 6^ + c» ^;W + F + ? V~V^"^'F+c« ^J-^^^- 

This equation can of course be deduced from that of the 
last Article. 

A. G. ^ 
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110. If we suppose the point (a, )8, 7) to recede from 
the origin to an infinite distance, the cone will ultimately 
become a cylinder whose generating lines are parallel to the 
line joining (a, A 7) with the origin. This is called an en- 
veloping cylinder, and the equation of any such cylinder can 
be found from that of the cone, by putting a = 7Jc, fi = fik, 
y =£ vk, where \, fi, v are the direction-cosines of the generat- 
ing lines, dividing by the highest power of k, and then mak- 
ing k infinite. The equation of the enveloping cylinder of 
an ellipsoid deduced in this manner from either of the equa- 
tions in Arts. 108, 109 is 



t"*" i'"*"?"-^) (a'^ 6''"'"cV ~ W 



cV 



111. The equation of the cylinder which envelopes a 
given surface 

F{x,y,z)^0 (1) 

can however be obtained independently of the enveloping 
cone. 

For let X, /-t, v be the direction-cosines of one of the gene- 
rating lines ; x.y^z the co-ordinates of the point where it 
touches (1). Then since this generating line of the cylinder 
is a tangent line to (1) at (a?, y, z), we must have 

^dF dF dF ^ ,^. 

^d^-^^d^ + ^d^ = ^ (2)- 

This equation combined with (1) gives the locus of the 
points at which the enveloping cylinder touches the surface, 
and we have only to find the equation of a cylinder with its 
generating lines in a given direction, and passing through the 
curve given by (1) and (2), which can be done as in Art. 35. 

If x\ y\ z' be the co-ordinates of any point in the gene- 
rating line which touches (1) at the point (a;, y, z\ we have 



X — X _y —y _^z — z ^ 7. 



suppose, 



or a? = a;' + Xfc, y =^y' '\- /Jik, z = z' + vk. 

Substituting these values of x, y, z in the equations (1) 
and (2), and eliminating k between the two equations, we get 
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a relation between a?', y\ z which is the equation of the en- 
veloping cylinder. 

112. In the case of the ellipsoid, the curve of contact is 
determined by the equations 

x^ 1? z^ ^ 
— k ^ -J = 1 

a" "^ 6* "*" c" ~ • 
Putting a;' + "Kk, 'i/ + /jJc, z' + vh for x, y, z we get 

Substituting for h from the second in the first we get 

the same equation as we obtained in Article 110. 

113. Let the equation of a surface be given in the form 

(^(a,A7,S) = (1), 

where cr, A 7, S are the lengths of the perpendiculars from 
any point on the four faces of a tetrahedron, and let any 
straight line be drawn through the point (a, /8, 7, S). Then 
if a, j3\ 7', S' be the values of a, fi, 7, S for any other point in 
the line we shall have by obvious geometry 

a:-a^^^:^^V-^^S^-S^^ 

C m n q ^ 

where I, m, n, q are the cosines of the angles between the 
line and the perpendiculars on the four faces of the tetrahe- 
dron, and k is the distance between the two points. 

We obtain the value of Jc for the points where the line (2) 
meets (1) from the equation 

(f>{a -{-Ik, fi + mk, y + nk, S + qk) = 0, 
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or ^(a,A7,S)+^(«^ + mg + n^^+g^) 

'\-Ak^ + Bk' + ,..=0 (3). 

This equation gives as many values of & as the degree of 
the equation (1). 

Since (a, )8, % S) is a point on (1), ^ (a, )8, 7, S) vanishes, 
and one value of k is zero. If I, m, n, qhe restricted by the 
relation 

jd<f> ^ d(f> ^ d^ d(f) ^ 

two values of k vanish, and the line (2) is a tangent line to 
(1) at (a, /8, 7, S). Hence eliminating I, m, n, q by means 
of (2) the equation of the locus of the tangent lines at 
(a, A % S) is 

(^_.)#+(^_«g+(y-,)|H-<S'-8)§=0, 



or 
a 



doL^'^ dfi^^ &Y^^ dS ''da^'^dff^^&Y^^dB' 

But the expression (f> (a, /8, 7, B) may be supposed homo- 
geneous, since if it be not, it can be made so by means of 
the relation given in Art. 26 ; and if it be of the p^ degree, 
we have by a well-known formula 

since the point (a, fi, 7, S) is on the surface (1). Hence the 
equation of the tangent plane at (a, fi, 7, B) becomes 
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EXAMPLES. CHAPTER VIII. 

1. Find the locus of the point of intersection of three 
tangent planes to an ellipsoid which are mutually at right 
angles. 

2. Find the locus of a point which moves so that the 
locus of the centre of the section of an ellipsoid by its polar 
plane with respect to that ellipsoid is a similar and similarly 
situated ellipsoid whose axes are each half of the correspond- 
ing axis of the original ellipsoid. 

3. Shew that the polar equation of the locus of the foot 
of the perpendicular from the origin on the tangent plane to 
an ellipsoid is 

r' = a*sin'^cos*0+6*sin*^sin»^ + c'cos'ft 

4. Find the equation of the locus of the foot of the per- 
pendicular from a point (a, ^, 7) on the tangent planes of the 
ellipsoid 

w 1^ 7 2 l^ S ■*■• 

a c 

5. Find the equation of the locus of the poles of all 
tangent planes of the ellipsoid 

^ 2/" ^ . 
a c 

with respect to a sphere whose centre is at the point (a, )8, 7) 
and whose radius is h 

6. Shew that in general six normals can be drawn 
through a given point to an ellipsoid, and that these six all 
lie on a cone of the second degree, three of whose generating 
lines are parallel to the axes of the ellipsoid. 

7. If normals be drawn to an ellipsoid 
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at the points where it is cut by the cone 

^ + ^ + ^=0. 
X y z 

prove that these normals all pass through a diameter of the 
ellipsoid 

8. In an ellipsoid whose semi-axes are a, 6, c, plane 
sections are drawn so as always to touch a confocal ellipsoid 
(see Art. 160). Shew that the centres of these sections 
always lie on a surface of the fourth degree which intersects 
the ellipsoid in the cone 

a!' y' z" ^ 
a cr c 

9. Prove that through any central radius of an ellipsoid 
one plane can be drawn cutting the ellipsoid in a curve of 
which that radius is a semi-axis. Shew that if it be so for 
more than one section it must be so for all such sections. 

10. On a plane section of a given ellipsoid as base two 
cones are constructed of which the vertices are the centre 
of the surface and the pole of the section. If the ratio of 
the volumes of these cones is constant, prove that each of 
them is constant ; and find the volume when the ratio is one 
of equality. 

11. Find the locus of a luminous point, in order that the 
boundary of the shadow of an ellipsoid cast by it upon a given 
principal plane may be circular. 

12. Prove that the right circular cylinders described 
about the ellipsoid 

9 S 2 

6 being the mean semi-axis, are represented by the equation 

13. The shadow of a ball is cast by a candle on an in- 
clined plane in contact with the ball; prove that as the 
candle burns down, the locus of the centre of the shadow is 
a straight line. 
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14. Find the equation of the tangent plane to the sur- 
face 

xyz = a?y 
and the volume cut off by this plane from the axes. 

15. Find the equation of the tangent plane at any point 
of the surface 

^ + y + -2^ = a'. 

Find also the length of the perpendicular on it from the 
origin, and the area of the triangle intercepted on the tangent 
plane by the co-ordinate planes. Shew that the sum of the 
squares of the intercepts on the axes of co-ordinates is con- 
stant. 

16. Find the equation of the enveloping cone of the sur- 
face By^ + Cz* = X, whose vertex is at a point (a, )8, 7). 

17. Find the length of the normal at any point of an 
ellipsoid cut off by the plane of xy. Find also the co-ordi- 
nates of its point of intersection with the plane of xy. 

18. Find the equations of the normal at any point of the 
surface 

Find the locus of the points in which the normals to the 
surface drawn at all points of its intersection with the plane 
a? = a cut the plane of yz. 

19. Shew that the points on the surface 

xyz = c' 

at which the normals intersect a fixed line 

x— a _y — ^ _z — f^ 
I m n 

all lie on the surface 

ax {my — nz) + ^y {nz — Ix) -\-yz {Ix — my) = a^ {my — nz) 

+ y* {nz — Ix) +z^{lx — my). 
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20. Find the locus of the point of intersection of three 
tangent planes to a paraboloid which are mutually at right 
angles. 

21. Find the equation of a surface of the second degree 
which passes through all the points of contact of tangent 
planes drawn through an external point (a, ^, 7) to the 
surface 

•^^ + 3^' + «' - ^^yz = c', 
and discuss its nature for diflferent positions of (a, /8, 7). 

22. Find the equation of a surface of the second degree 
which passes through all the points of contact of tangent 
planes drawn through an external point (a, /8, 7) to the 
surface 

xyz = a', 

and discuss its nature for different positions of (a, ^,7). 

23. Find the equation of the locus of the foot of the 
perpendicular from the origin on the tangent planes of. the 
surface 

24. Shew that the plane 

Ix + my + w^ = 
will touch the cone 

if ?, m, n satisfy the condition 

25. Shew that the axes of a central section of the ellip- 

X^ 7#a g« 

sold — 2 + fa + "5~l'^y^ plane parallel to the tangent plane 
at (a, )8, 7) are given by the equation 

r^^(a« + 6« + c»-a«-/3"-7')^ + ^' = 0, 

where p is the perpendicular from the centre on the tangent 
plane. 
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26. If a line cut two similar and co-axial ellipsoids in 
P, P' ; QiQ \ respectively, prove that the tangent planes to 
the former at P, P cut those to the latter at Q or Q in pairs 
of parallel straight lines equidistant respectively from Q 
01 Q'. 

27. Find the condition that two spheres may intersect 
at right angles. 

28. Four spheres whose radii are a, b, c, d intersect at 
right angles, shew that the volume of the tetrahedron whose 
angles are their centres is 



iabcd^^. 



ill 



29. The centre of a sphere bisects the shortest distance 
between two given straight lines and a tangent line to the 
sphere passes through each of the lines : shew that the point 
of contact lies on a hyperbolic paraboloid. 



CHAPTER IX. 



ON CURVES IN SPACE. 



114. We have seen (Art. 16) that any two equations 

F, {x, y, z) = 0) 

F,{x,y,z) = Q] ^ ^' 

since they are satisfied by the co-ordinates of all the points of 
intersection of the surfaces represented by each equation, will 
in general represent a curve. 



These equations can be reduced to the form 



(2). 



by eliminating y and z in turn between the two equations 
(1). It may be noticed that the two equations (2) will in 
some cases represent a curve not included in (1). For in- 
stance, if the two equations (1) were of the first and second 
degrees respectively, by eliminating y and z in turn we 
should get two equations of the second degree, and the first 
two equations would represent one plane curve, while the 
second pair would represent the original curve, and another 
plane curve besides. (See Art. 95.) 

Assuming x to be any arbitrary function of a new vari- 
able ty the equations (2) can be replaced by the three 

x = ^{t),y^^{t),z^X(f) (3). 

This third form possesses many advantages from its sym- 
metrical character, and we shall in general use it. 



ON CURVES IN SPACE, 



139 



115. As an example the pair of equations 

Ax + By+ Cz = D\ 

represent a straight line. 



(1) 



Eliminating y and z in turn we get the two equations 



t -\ 



_ A'B^AB' FD-BD 
^^ BG-BG'^'^ BG-BC 

_ G'A - GA' GD' - CD 
y" BG-'BG:^'^ BV^BG' 

which correspond to the form (2) in the last Article. 
Lastly, assuming x = {BV — BG') t, we get 

X = {BC - BC) t,y = {G'A - GA') t + ^^_^g 

z = {A'B - AF) t + ^^^gZlc' 
which correspond to the form (3) in the last Article. 



(2). 



...(3). 



116. The curves of the most frequent occurrence and 
greatest importance are plane curves, the discussion of which 
properly belongs to plane geometry. As an instance of a 
curve not plane we may take the helix. 

This is the curve formed by the thread of a screw. It 
may be produced by wrapping a right-angled triangle round 
a circular cylinder, the base of the triangle being at right 
angles to the axis of the cylinder. 

Take the axis of the cylinder as axis of z, a plane through 
the base of the triangle as plane of xy, and a line through the 
acute angle at the base of the triangle as axis of x. 

Let be the origin ; x, y, z the co-ordinates of any point 
P in the curve, a the radius of the cylinder, the angle AOM 
between the axis of x and CM the projection of OP on the 
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plane of ayy, and a the acute angle at the base of the triangle. 
We obtain without difficulty, 

x-- ON = Oif cos ^ = a cos ^, 
y = JOr= Oilf sin ^ = a sin 6, 
z =Pif = arc -4.ifx tana =a^tana. 




Whence 



or if a tan a = c, 
a? = a cos ^, 3/ = a sin ^, z = c9 



z . z 

x = a cos -, y = a sin - 

c c 



(1). 

(2). 



Either (1) or (2) may be considered as the equations of 
the helix. 

117. The limiting position of the straight line joining 
two points of a curve when the second point moves up in- 
dejfinitely near to the first, is called the tangent to the curve 
at that point. 

Let the equations of the curve be 

'c = <t>{t), y=f(t), z = x{t) (1), 

and let t and ^ + t be the values of t for two points on the 
curve. The equations of the straight line joining these are 

x'-<l>(f) ^ y'-^(t) _ z--x(t) 
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a?', y\ z' being current co-ordinates ; 

'''' <f>{t-hT)^cl>(t) ^|r{t^hT)-'y|r(t) %(^+t)-_^^- 

T T T 

But when t is diminished indefinitely the two points 
coincide and the straight line joining them becomes the 

tangent at (a?, y, z). Also the limit of — — 2-^ i 

T 

doc 
¥ (0 0^ ~J2 » ^^^ similarly for the other denominators. 



IS 



Hence the equations of the tangent at (a?, y, <e) are 

(2). 



X —xy —y z —z 



dx dy dz 

dt dt dt 

118. The length of the chord joining two points {x, y, z) 
and [x^, y^, z^) is 

J{x,^xr + (y,^yf^{z,^z)\ 

But by Newton (Section I. Lemma vii.) when the two points 
approach indefinitely near to each other, the ratio of the arc 
to the chord becomes ultimately a ratio of equality. Hence 
if s and s + Ss be the lengths of the arcs measured from some 
fixed point up to the points (x, y, z), (x^, y^, z^ respectively, 
the fraction 

J{x,--x)' + {y,^yr + {z,^zy 
becomes ultimately equal to unity, or 
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From tliis result we see that the cosine of the angle which 
the tangent at (a?, y, z) makes with the axis of x, which by 
Art. 17 is 

dx 
di 



A 



^V + (^\' ^ (t\ 



dtj 
dx 



(I) - (I) 



1 . dt dx 

IS equal to - .-- or j- . 

^ ds^ ds 

dt 
And similarly, the cosines of the angles which the tan- 
gent makes with the axes of y and z are -J- and -j- re- 
spectively. 

Dividing by f -^ j the equation (1) reduces to the form 

©■-®*+(S)"- «■ 

119. Any straight line through the point {x, y, z) per- 
pendicular to the tangent is called a normal line. All 
such lines lie in a plane through (xy y, z) perpendicular to 
the tangent, which is called the normal plane. Its equation 
is at once seen to be 

(-'-^)g+(y'-y)f+(^-)|=o. 

120. It is always possible to draw a plane through any 
three points of a curve. The limiting position of this plane 
when two of the points move up indefinitely near to the 
third is called the osculating plane at that point. 

Let the equations of the curve be 

^ = <f>{t), y^fit), z = x{^) 0)> 

and let t, ^ + t, ^ + 2t be the values of t corresponding 
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to three points on the curve. Let the equation of any 
plane be 

Ax'-\-By-^Gz'=-D (2). 

If this plane pass through the three points t,t-{-Tyt-{- 2r, 
we have 

A4,{t) + B^(t) + Cx{t) = D (3), 

A4>{t + T) + Bf{t + T) + Cx{t+T)=D (4), 

A^{t+2T) + B^ {t + 2t) + Gx (< + 2t) =i) (5). 

Subtracting the first of these equations &om the second 
we have 

+ (?{x(« + t)-x(<)}=0. 
Or, dividing by r, 

T T 

T 

Subtracting twice the second from the sum of the first 
and third and dividing by t", we get 

^ <^(^+2T)-2j)(^+T) + <^(0 ^^ i|r(^ + 2T)-2>/r(^ + T)4->fr(0 

But if we make the three points coincide, r vanishes, 
and these two equations become (Todhunter's Diff, Gale, 
Art. 127) 

* ' dy d^z dz d?y dzd^x dxd^z^dxd^y dy d^x' 
didf^Jtd^ didF^didf diW~didf 
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And subtracting (3) from (2) we have 

Whence the equation of the osculating plane at the point 
{x, y, z) becomes 



+ 






121. The osculating plane is sometimes defined as the 
plane which lies closer to a curve at a given point than 
any other plane, and its equation is obtained in the fol- 
lowing manner. 

Let A{a^-x) + B{y''-y) + C{z^z)=Q (1) . 

be the equation of any plane through {x, y, z). The perpen- 
dicular on this from a point (iP^, y^, z^ is 

A (x^^x) + B(y,-y) + C(z^^z) 
JA' + B' + C 

But if (ajj, yj, z^ be a point on the curve corresponding 
to a value ^ + t of ^, 

_ dx 1^ cPx 
''''''^''Tt^\2dF^ 



. dy , '^ 6?y . 
dz ^ 1^ d^z 

Hence the length of the perpendicular becomes 
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And when r is diminished indefinitely, the succeeding 
terms are very small compared with the first and second, 
and the smallest value which this fraction can assume will be 
when A, B, C are determined by the equations 

whence we obtain the same result as in the last Article. 

122. • All straight lines drawn through the point (^, y, z) 
perpendicular to the tangent at that point are normals. That 
nonnal .which lies in the osculating plane may be considered 
as the normal drawn in the plane of the curve, and is called 
the principal normal. The equations of the normal plane 
and the osculating plane considered as simultaneous are the 
equations of this line. 

dot/ CvtX) 
Writing for shortness x, a? for -i-, -^, and similarly 

replacing the other differential coefficients, these are 

If we put these equations in the form 

the value of P is 

y (xy — xy)'-jg{zx ^ zx) 

= x(j^y + zz) - X (f + i^). 

But by Art. 118, 

8» = ^« + 2^ + i«; 

therefore differentiating, 

88 = xx+yy + zz, 

A. G. IQ 
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Hence P = x (i's - xic) -- x {J? ^d^ 

= « (a?5 — a») ; 

and similar values may be found for Q and B. Hence the 
equations of the principal normal are 

a?' — a? ^ j/ —y _ s! — z 

• •* ••• ••* •*■ ••• ***s 

oss — ics ys — ys zs — zs 

which may be written in either of the forms 

x' OS y ~y z'-z . 

d_ /dx\ rf /^\ d^(dz\ ^ '' 

dt [dsj dt [dsj dt [dsj 

"-^'^'^ » 



d^ ds^ ds" 

123. The equations (2) of the last Article can also be 
obtained as follows. 

If \,fi,v; \\ II y V be the direction-cosines of two straight 
lines, the direction-cosines of the two straight lines wluch 
bisect the angles between them are proportional to X + V, 
/L6 + /Lt', v-\-v and \ — X', fi — fiy v — v. 

For planes through the origin perpendicular to the two 
given straight lines have their equations 

\a? + /L6y + 1/^ = (1) 

and 7s! X + fi'y + v'z = (2) respectively. 

By Art. 26 the equations of two planes which bisect the 
angles between (1) and (2) are 

{\ + X) x+ {fi + fi') y + {v + v) z = 0, 

{X'-X')x + (fi-/jb')y+{v''v)z = 0. 

And the direction-cosines of the normals to these planes, 
which are evidently parallel to the bisectors of the angles 
between the two original straight lines, are proportional to 
X 4- X', fi-\- fi\ v-\- V and \ — V, /a — /a', v — v respect- 
ively. 
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If I, m, n be the actual values of the direction-cosines of 
the latter line, we have 

J A» ~- A» 

" ^(\- XT + 0* - /*')• + (i; - vj 

= 72-2cosr 2<^-^>^-2' 
if ^ be the angle between the two straight lines. 

124. Let now \ fi^ v he the direction-cosines of the 
tangent to a curve at the point (x, y, z), and X', uf, v their 
values at an adjacent point on the curve distant os firom the 
former. Then ultimately if the two points be made to 
approach indefinitely near to each other and coincide, of 
the two bisectors considered in the last Article, the one 
will coincide with either tangent, and the other will be 
the principal normal. The former will evidently have its 
direction-cosines ' proportional to X + X', /a + /*', v\- v\ and 
the latter must have its direction-cosines proportional to 

X — X', /L6 — /*', V — V . 

But X' = X+-^ & + terms involving (&)* 

/*'=/*+^&+ 

1/' = I' + -T Ss+ 

as 

Hence the direction-cosines of the principal normal are 
proportional to^&.^&,^&, or to ^ , -£, ^. and 

putting for X, /*, v their values 3" > ^ > j- the equations 
of the principal normal become as before 

x' — X y —y _ z —z 
d^x ~ d^y " d^z ' 
d? ds^ d? 

10—^ 
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125. If the curve be a plane curve, the equation of the 
osculating plane must reduce to the equation of the plane in 
which the curve lies. Hence the ratios 

(dyd?z dzcPy\ /dzcPx ^dxcPz\ /dxd^y dyd^x\ 
\dide''Jtdf) ' [dide' dt~de) ' [dtde^ltde) 

must be constant for all points on the curve. 

We may therefore assume 

yz-y&^Xv (1), 

zx — zx^fiv (2), 

xy — xy^w (3), 

where \, fi, V are constants, and v some function of t 

Eliminating X, /* and v from (1) and (2) by differentiating, 
we get 

zx — zx) (yz — yz) — {yz — yz) (zx - zx) = 

or reducing and dividing by i, 

x{yz — yz) + y {zx — zx) + z (xy — xy) = 0, 

which may be written 

dx ^ dz 
dt' di' dt 
cPa? cPy d^z 



df * d1^ ' df 
cPx d^y ^z 

de' df de 



= 



(4). 



The symmetry of this relation shews that we should get 
the same result by eliminating /a, v and v from equations (2) 
^ and (3). 

This relation may be also obtained from Art. 121, since 
if the curve lie in the plane (1), the perpendicular on this 
plane from any point in the curve must vanish. We must 
therefore have 
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whence the relation (4) follows. We must also have 

for all values of n. But this will be the case if equation (4) 
is satisfied for all points in the curve, as may be seen by 
diflferentiating. 

126. If a curve he drawn on a given surface such that 
the inclination of its tangent to a given fixed plane is always 
greater thin that of any other tangent line to the surface at 
the same pointy the curve is called a line of greatest slope to 
the given plane. 

Let F(x,y,z) = (1) 

be the equation of the given surface, and let 

Ax + By-hCz=^D (2) 

be the equation of the given plane. 

The direction-cosines of the tangent line to the curve at 

/ V dx dy dz 

anypomt(a;,2/,^)are^,^.j^. 

The equation of the tangent plane to (1) at (a?, y, z) is 
, , V dF . , , V dF , , V dF ^ 

and the direction-cosines of the line of intersection of this 
plane with the plane (2) are proportional to 

B^^C— C — '-A— A—^B — 
dz dy * dx dz* dy dx* 
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and it is evident that the tangent line to the curve of greatest 
slope must be perpendicular to the intersection of the tangent 
plane with the plane (2), whence we get 

d8\ dz dyj dsK dx dz) d8\ dy dxj "*^ '* 

The integral of this equation united with (1) gives the 
curves required. The integration will introduce one arbitrary 
constant which is determined if one point on the curve be 
known. Hence, a line of greatest slope can be drawn through 
any point on the surface. 

If the given plane be the plane of soy, A^O, B = 0, and 
the equation (3) becomes 

dFdy_dFdx_ 
dx ds dy ds ' 

f.f-f=0 (4). 

dx dx dy ^ ' 

As an example of the last case take the equation of the 
ellipsoid 

of 'it ^ . 

-2 + ^+-1 = 1 (5). 

Equation (4) becomes 

a^dx 6»~^' 
• '• "% ^og ;y "" ra log ^ = constant ; 

.'. y-mx^ (6). 

This equation united with (5) gives the lines of greatest 
slope. If a = i, (6) becomes 

y = mx, 

so that in the case of a spheroid the meridians are the lines 
of greatest slope to the plane of circular a^cdoii. 
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127. We shall devote the remainder of thie Chapter to 
the discussion of the curvature of curv^ in space. TMe is of 
two kinds, the first beii^ the curvature of the curve con- 
sidered as lying in its osculating plane, and the second, the 
curvature by which it leaves the osculating plane, which is 
called the curvature of torsion. On this account curves in 
space are called curves of double curvature. 

Before proceeding to the forraulse relating to the two 
kinds of curvature at any point of a curve some geometricaL 
explanations and definitions must be given. 

Let PQ, QR, B8, ST,... be a series of lines of equal 
length, which when their length is diminished indefinitely 
become ultimately small portions of a continuous curve. Let 
p,q,r, a ...he their middle points. 
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Through p let a plane be drawn perpendicular to PQ and 
through qy r, 8 ... planes perpendicular to QR, RSy 8T,... 
respectively. These will ultimately be normal planes to the 
curve at consecutive points. Let the planes through p, q 
intersect in a line AE, and the planes through g, r in a line 
BF which cuts A Bin some point A, and so on. 

Let the plane which passes through P, Q, R meet AE 
in Oj, and the plane through Q, jR, 8 meet BF in 0^ It is 
evident that the point 0^ is equidistant from P, Q and iJ, 
and a circle with centre 0^ and radius O^P will pass through 
Q and R, This circle will ultimately pass through three 
consecutive points of the curve, and lies in the plane PQRO , 
which is ultimately the osculating plane at Q. Hence it is 
the circle of curvature of the curve considered as a plane 
curve lying in the osculating plane. It is called the circle of 
absolute or circular curvature, and the point 0^ is called the 
centre of absolute or circular curvature. 

Again, all points in the straight line AE are equidistant 
from the three points P, Q and M. All points in the straight 
line BF are equidistant from Q, jR and S. Hence the point 
A, where AE and BF meet, is equidistant from the four 
points P, Q, jR, and 8, and a sphere with centre A and radius 
AP will ultimately pass through four consecutive points of 
the curve. The point A is called the centre of spherical 
curvature, and the length AP the radius of sphericcd curva- 
ture. 

The lines AE, BF, CO ... ultimately generate a surface 
which is touched by the normal planes of the curve, and the 
ultimate intersections of these lines produce a curve which 
is called the edge of regression of this surface. 

128. The locus of the centres of absolute curvature is 
not an evolute, but an infinite number of evolutes can be 
drawn on the surface generated by the lines AE, BF,. . . For 
let Oj be any point in AE, and let pO^, qO^ be joined and 
qO^ be produced to meet BF in u ; join ru and produce it 
to meet CO in v ; join sv and produce it to meet DH in w, 
and so on. We have 

0,p = 0,q \ 
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Hence if a string be laid along the curve wvuO^ and its 
end be at p, as it is unwrapped this extremity will pass 
through qrst... and describe ultimately the original curve. 

An evolute can thus be found passing through any point 
of any one of the lines AE^ BF... 

129. The centre of absolute curvature may be defined as 
the point where the line of intersection of two consecutive 
normal planes meets the osculating plane. 

Let the equation of the normal plane at a point (x, y, z) 
be denoted by 

^(0 = (1). 

Any other normal plane can be represented by 

^(0 = (2). 

where «, is the corresponding value of t. 

At the points where (1) and (2) meet, we have 

F {t^ - F {t) = a, 
0, ^(0 -f(^) ,o. 

And this latter equation when ^^ — ^ is indefinitely diminished 
becomes 

f-» » 

Hence the line of intersection of two consecutive normal 
planes is given by the two equations 

F(f) = 0, f = 0. 
But F(t)^i.'-x)^^(^'-^)\^ii-i:,% 
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dF , , .cPx , , , .cE'y , , , .d^z (da:\* (dy\* /dz\* 

= (^-^)5 + (2/'-y)5 + (^'-^)^-(§y. 

Hence the line of intersection of two consecutive normal 
planes is given by 

(aj'-a?)^+(2^'-y)2/ + (i5'-«)i = (4), 

(of ^x)x + {y' ^y)i/ + {z' ^z)z^i' (5). 

The point where this line meets the osculating plane is 
given by (4) and (5) united with 

{x*''x){yz''yz)'\-{y' --y){zx-zx)+{z* -z){d^ 

From (4) and (6) we obtain as in Art. 122 

x' -X ^ y'^y ^ y-g ,^ 

xs — xs ys^ys zs — zs 

and by equation (5) each of these fractions is equal to 

(^» + y« + ^)«-««« 



Also each of them is equal to 



2 



/ (af^xf+(^-yr + (j^^z) 
V (x8 — xsy + Q/S — ysy + (zs — zs) 

P 

^y^' + j/' + ^-s" 

where p is the radius of absolute curvature. 
Hence 



^■=(^)"-(syHS'-©" (»). 
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or if 5 be taken as independent variable, 

H^hm-m (>«)• 

Equation (9) or (10) gives p, and equations (7) and (8) 
give x', y\ z' the co-ordinates of the centre of absolute cur- 
vature. 

130. The results of the last Article can be obtained by 
means of the formulaB proved in Article 123. 

For if Ss be the arc between two points of a curve, the 
angle between the tangents at those points, and X, fi, v; 
\\ fjb, V the direction-cosines of those tangents, we have 

p = limit -g- , 



when & is indefinitely diminished. 

Also if ly m, n be the direction-cosines of the principal 
normal, we have 

1 

I = limit of 5 (X - X') cosec ^ 

,. .^ « SX & 2 dX dPx 

= limitof^.^.— g=P2^=p^. 



sing 

Similarly m =p^ = pg 

dv d^z 

But also by Art. 6 if x', y\ z' be the co-ordinates of the 
centre of absolute curvature, 



/ 7 • d^x 

X --X—lp^p -jj,. 



d^ 






y ^y=:mp^fi 



d#' 
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whence squaring and adding and dividing by p*, we get 



p-* Uv W) \d^) ' 



131. To find the centre and radius of spherical curvor 
ture. 

The centre of spherical curvature is the point in which 
three consecutive normal planes intersect 

If F (t) = be the equation of any normal plane, the line 
of intersection of this with the consecutive plane is given by 

^(0 = 0, and ^(0 = (1). 

And if F(t^) = 0, F' (<,) = be the equations of any other 
line of intersection of consecutive normal planes, at the point 
of intersection of these two lines, 

^'(y-f(^)=o (2). 

t^ — t 

And ultimately when « = ^^ the four equations give 

^(0 = 0, J" (0=0, 

and from (2) 

F"{t) = (3). 

But 

n«)-(X-.)§+(r-y)|+(^-,)|=o 



r(0=(X-.)$+(r-,)g+(Z-.)g-(*y.o 
i-(0-(x-.)g+(r-„2!^(^-.)g-3§S-« 



...(4). 



These equations determine X — a?, F— y, Z — z, where 
J[^ JT, 2^ are the co-ordinates of the centre of spherical curva- 
ture. We get from them 
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X-X = 



\di)\dtW didf)'^ dtd£^\^de TtW) 

Ax Ay dz <*) 



dt * dt ' dt 

d^x d^y d?z 
df ' df * d^ 

dl^x dfy dfz 

and similar values for Y-^y^ Z^z. The radius of spherical 
curvature JS, which 

is then known. 

132. To find the angle and radius of torsion at any point 
of a curve. 

The angle of torsion (Se) is the angle between two con- 
secutive osculating planes. 

Let X, /Lc, 1/ be the direction-cosines of the normal to one 
osculating plane; then those of the normal to the osculating 
plane corresponding to the value ^ + t of the independent 
variable will be 



dX 



dfi 



dv 



X + -jT . T + . . . , /LC + -7 - .T+«.., I'+-y\.T-f-.... 



dt 



dt 



dt 



And the sine of the angle between these lines is (Art. 8) 
// dv dfiV . / dX ^ flfi/\* . A du. dXV 

But 

_ ■■ /dz (Px dx d^z\ _ , /dx d^y dy d^x\ 
'*~ [diWdi'^)' "' [dtWH'^)' 

h I _(dyd^z dzd^y\* (dzd^x dxcE'zX* 
wliere j^ - \^^^ ^^ dtd^) '^[dtdf dt de) 

fdxd^y dtfoPoiN? 
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dv dfi •_ J. /dz cPx dx d^z\ fdx cPy dy cPx\ 
'''*Tt~''Tt~ \0d^~TtW)\c&l^~'diW) 

_ i> /^^f dxd^z\ fdxd^y dyd^x\ 
~ \di'df~'MdF)\diW~did^) 





dx dy dz 
dt' dt' dt 






-i?^. 


d^x d^y d^z 
df dfF' df 




(1). 


dt 




\*/* 




^x d^y d^z 
df df df 






Whence the sine of the angle of torsion 
lal to 


becomes 




dx dy dz 
dt* dt' dt 


^ 




A^-T?. 


d^x d'y d^z 

df ' df ' df 




(2), 


dt' 




\ /» 




d^x <?^ dJ'z 
df df df 







and the radius of torsion p. which is equal to the limit of the 
small element of arc hs aivided by the angle of torsion is 
given by the equation 



i = A^ 
Pi 



dx dy dz 
dt' dt' dt 




d?x d^y d?z 




df df df 




d^x d?y d^z 
df df df, . 





(3). 



133. It may be noticed that both the radius of spherical 
curvature and the radius of torsion become infinite if 
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dx dy dz 

dt* dt' dt 

d^x d^y d^z 

df * d^ * d^ 

dl'x d?y d?z 

df' W df 



169 



= 0. 



This is in fact the condition that four consecutive points 
of the curve should lie in one plane (see Art. 125). 



We have also 

s 






m 

fdxd^x dycPy dziPzV 
KcUdf'^dtW^de) 



/dsV f /^Y /^\* /^\* fd^W 

[m) \[de) '^Wj W) \dfj I 



(1). 



where p is the radius of absolute curvature. 

Hence if we denote the above determinant by the symbol 
A we have 

^-t » 



EXAMPLES. CHAPTER IX. 

1. Find the equations of the osculating plane at any 
point of the curves 

(1) x = a cos 0, y = a sin 0, z — c0. 

(2) a?-\-y^ -ry^Qy 2* -\- ry = '«*. 
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Find also the length of the arc of (1) between two points 
whose co-ordinates are given. 

2. The equations of a curve of double curvature being 
given, find the equation of the surface formed by making it 
revolve round the axis of z, 

Ex. a? = a cos 5, y = asind, z = c0. 

3. A helix joins two points, the distance between which 
is 6, the angle between the tangent lines and the axis of the 
generating cylinder being a given angle a ; prove that if the 
length of the helix is a maximum, the helix has a constant 

length, and that the radius of the generating circle is -^ , 

where w is a positive integer. 

4. A curve is traced on a right circular cylinder of radius 
a, such that if the cylinder were unrolled into a plane the 
curve would become a catenary whose axis formed one of the 
generating lines, and directrix the base, of the cylinder. 
Shew that 

_^ as? _as? 

p, Pj being the radii of absolute curvature and torsion, z the 
orainate, s the arc measured from the vertex, and c the con- 
stant of the catenary. 

5. Find the equation of the osculating plane at any 
point of the curve given by the equations 

6. Find the equations of a curve traced on a sphere so 
as to cut all the great circles passing through a fixed point 
at the same angle. 

7. Find the equations of the lines of greatest slope to 
the plan^f xy on the surfaces 

(1) xyz = a\ 

(2) . = . + |log^. 
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8. Shew geometrically and analytically that if a sphere 
be described concentric with a given ellipsoid, the tangent 
line to the curve of intersection of the sphere and ellipsoid is 
parallel to one of the principal axes of the central section of 
the ellipsoid which passes through that tangent line. 

9. Find the equations of a curve traced on a sphere, such 
that the sum of the arcs of great circles joining any point on 
it with two fixed points on the sphere, the arc joining which 
is a quadrant, is constant. 

10. Find the equations of a curve traced on a sphere by 
a point which moves with constant velocity along the arc of 
a great circle while the great circle revolves with constant 
velocity round a fixed diameter. 

11. A point moves on an ellipsoid so that its direction of 
motion always passes through the perpendicular from the 
origin on the tangent plane to the ellipsoid at that point. 
Shew that the curve traced out by the point is given by the 
intersection of the ellipsoid with the surface 

aj«-» y"-» £j«-« = constant, 

I, m, n being inversely proportional to the squares of the axes 
of the ellipsoid. 

12. Find the equation of a curve traced on a right cone 
which cuts all the generating lines at a constant angle. 

Find the length of the curve measured from the vertex. 

13. A straight line is drawn on a plane which is then 
wrapped on a cone. Shew that if p be the radius of absolute 
curvature of the curve on the cone at a distance r from the 
vertex 

where a is a constant. 

14. Find the values of the radii of absolute and spheri- 
cal curvature at any point of a helix. 

15. Find the locus of the centres of spherical cvix^^^^xcsfc 
of a helix 

A. a. ^ 
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16. If, at any point of a curve, equal lengths Ss be 
measured along the curve and its circle of curvature, the dis- 
tance between the extremities of these lengths is ultimately 
equal to 



6pVcr«"^p»W/ ' 



6p 

p being the radius of curvature and a- the radius of torsion at 
the point 

17. Shew that the normal plane at any point to the 
locus of the centres of circular curvature of any curve bisects 
the radius of spherical curvature at the corresponding point 
of the original curve. 

18. If a curve be drawn on a right circular cone cutting 
all the generg^ting lines at a constant angle fi, shew that the 
radius of absolute curvature at any point is to the correspond- 
ing radius of curvature when the cone is developed in the 

ratio of sin a to ^sin* a cos* fi + sin* /8. 

19. Shew that the curves represented by the equations 

a? + f + 2^^a\ a7V3^* + »* = ^, 
are circles of radius a. 



CHAPTER X. 



ON ENVELOPES, 



134. Let the equation of any surface be 

F{x,y,z,a)^Q (1), 

where a is a constant. If a be changed to a! we obtain the 
equation of another surface 

F{x,y,z,a')^0 (2), 

differing from (1) in magnitude or position or both, but of the 
same general nature. 

These two equations will both be satisfied by the co- 
ordinates of all points in the curve of intersection of the two 
surfaces, and if we suppose the value of d to approach indefi- 
nitely near to that of a, this curve of intersection approaches 
some limiting position. The locus of all such limiting positions 
for different values of a is a surface which is called the envelope 
of the surface (1). Its equation can be found in the following 
manner. 

At all points for which (1) and (2) are satisfied, we have 

F{x, y, z,a) = 0, 

Fjxy y, z, a) -F{x, y, z,a) _^ 
a —a 

But ultimately when a' becomes equal to a these equa- 
tions reduce to 

F(x,y,z,a) = (3), 

^F{x,y,z,a)^(^ V^. 
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which are therefore the equations of the ultimate position of 
the curve of intersection of (1) and (2). Eliminating a be- 
tween (3) and (4) we obtain the equation of the locus of such 
curves, or the envelope of the surface (1). 

135. The curve given by the two equations (3) and (4) 
of the last article is called the characteristic of the envelope. 

If we take the equations of two consecutive characteristics 
and treat them as in Art. 131 we get, to determine their point 
of intersection, the three equations 

F{x,y,z,a) = 0, 

F {x, y, z, a) = 0, 

F' {x, y, z, a) = 0. 

If between these three equations we eliminate a we shall 
get two relations between a?, y, z which are the equations of 
the locus of ultimate intersections of two consecutive charac- 
teristics. The curve so obtained is called the edge of regres- 
sirni of the envelope, or sometimes simply the edge of the 
envelope. 

Thus the line ^ven by equations (4) and (5) of Art. (129) 
is the characteristic of the envelope of the normal planes to 
the curve, while the locus of the centres of spherical curvature 
is the edge of regression of the same envelope. 

136. We will now shew that the envelope obtained in 
Article 134 touches each of the series of intersecting surfaces. 

For suppose from equation (4) of that article we obtain a 
value of a, 

a = 4>{x, y, z). 

Substituting in (3), the equation of the envelope becomes 

F{x,y,z,(f>{x,y,z)}=:0 (1). 

The values of -g- and j- at any point of this surface are 

given by the equations 

dF dFdz_ dF/d^ d4dz\^ 
dx dz dx d<f> \dx dz dxj 

dF dFdz^ ^i^4.^^\ = Q 
dy dz dy d<f>\dy dz dyj 



^(2). 



(3). 
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At any point of the surface F (on, y, z, a) = the values of 
-r- and -s- are given by the equations 

dF dFdz - 

dF dF dz ^ ^ 
dy dz dy " 

But at the points where the envelope meets the surface 

F(x, y, z, a) = 0, 
we have 

a=^(t)(a), y, z) and ^ = 0- 

(IF flW 

Now ^ only differs from -r- in having <^ {x, y, z) instead of 

-a, consequently at all the points of intersection of the sur&ce 

F{x,y,z,a) = Q 

fJF 
with the envelope, ;7T = 0> ai^d the equations (2) become iden- 

dz dz 

tical with equations (3). The values of -7- and -r- being the 

same for the surface and its envelope, the two surfaces touch. 

137. If the equation of a surface be 

F{x,y,z,a,h)^0 (1), 

when a and 6 are constants, any two other surfaces formed by 
giving new values to a a,nd 6 ^1 intersect (1) in a point or 
points, which assume a limiting position when the new values 
of a and 6 approach indefinitely near to their first values. 
The locus of such limiting positions is called the envelope 
of the surface (1). 

Let a and h become a + A, 6 + & respectively. The equa- 
tion of the corresponding surface is 

F{x,y,z, a + h, h + k) = Q, 

ox F{x,y,z,a,h)-Vhr {fi\Q\\)\\Y ^^^^^"^^^^^^ 



(3), 
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where 5 is a proper fraction and F'(a + Oh) means that 
F(x, y, z, a, b) has been differentiated with respect to a, and 
a-^Oh put in the result for a. 

At the points of intersection of (1) and (2) we have 

F(x,y,z,a,b)^0 
hF'(a + 0h) + kF'(b + 0k) = o] ' 

and whatever be the ratio of A to &, when h and k are di- 
minished indefinitely all the curves of intersection given by 
(3) pass through the points given by 

F{x,y,z,a,b) = 0, F'{a)=0, F Q))^0. 

By eliminating a and 6 between these equations we obtain 
the equation of the envelope. 

138. The envelope in this case also touches each of the 
series of intersecting surfaces. For let the equation of one 
of the surfaces be 

F{x,y,z,a,b) = Q (1). 

The corresponding point on the envelope is given by (1) com- 
bined with 

dF ^ dF ^ ,^. 

d^=^' m=« (2). 

From (2) we can obtain by solving for a and b 
« = 01 (a^> y> ^)f b = (f>^ {xy y, z)\ 
and the equation of the envelope becomes 

F{x, y, z, <f>^ {x, y, »), <t>^ [x, y, z)] = 0. 

The values of -7- and -^ for any point of the envelope 
are given by the equations 

dF dFdz dF /d^ . #1 ^ \ . ^ (^#2 #2 <^^\ ^ a 
dx dz dx dl^j \dx dz dx) d(f>^ \ dx dz dxj * 

^ d£^ dy d<f>^\dy dz dy I d<J>^\d'vj dzd'y/" 
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But at the points where (1) meets the envelope 

consequently at those points 37- = 0, -^-r = 0, and the above 

equations become 

dF dF dz ^ 

dF dF dz _^^ 
dy dz dy * 

which are the same as the equations which give -^ and -r- 

for the point (x, y, z) of the surfece (1). Hence at the points 

where (1) meets the envelope the values of -j- and -r- are 

the same for the surface and the envelope, which therefore 
touch one another at those points. 

139. If the equation of a family of surfaces contains n 
arbitrary constants connected by (w — 1) equations there is 
really one independent constant, and the envelope can be 
found by substituting for (n — 1) of the constants their values 
in terms of the n . It is better in general to consider 
{n — 1) of the constants to be functions of the w*^, and dif- 
ferentiating all the equations to eliminate by undetermined 
multipliers. 

If the n constants be connected by (n — 2) equations, two 
of the constants are arbitrary, and the envelope falls under 
the second class. The method of undetermined" multipliers 
can be used in this case also. 

For examples of the solution of problems the reader is 
referred to Todhunter's Differential Calculvs, Chapter xxv., 
the methods employed there being equally applicable tA t\s& 
problems of Solid Geometry. 
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140. The polar plane of any point (a, ^, 7) with respect 
to any quadric can be obtained as in Art. 106. If the point 
(«> A 7) be constrained to lie on any given surface 

f{^,y,z)=o (1), 

the equation of its polar plane will contain three parameters 
a, ^, 7 connected by one relation 

/(a,/S,7) = 0. 

The equation of its envelope can therefore be found by 
the methods of Art. 137. 

Suppose this equation to be 

<l>{x,y,z)^0 (2). 

Then any point (a', ^, 7') in (2) is the limiting position of 
the point of intersection of the polar plane of some point 
(a, /3, 7) on (1) with the polar planes of points on (1) adja- 
cent to (a, /3y 7). Hence by Art. 106 the polar plane of 
(a', /y, 7) with respect to the given quadric Inust pass 
through the point (a, /3, 7) and other points on (1) contiguous 
to (a, /8, 7), that is the polar plane of (a', ^', 7') is a tajQgent 
plane to (1) at (a, ^, 7). Thus the surface (1) is the en- 
velope of the polar planes of all points on (2) with respect 
to the same quadric. The two surfaces are from this pro- 
perty called redproccU polars. 

Each surface may be also defined as the locus of the 
poles of the tangent planes to the other with respect to the 
given quadric. 

141. Let the quadric with respect to which the polars 
are taken be the sphere, 

^ + y« + ^ = A' (1). 

The equation of the polar plane of any point (a, ^, 7) with 
respect to this sphere is 

cuc + /3y + yz = if' (2). 

Let the surface to be reciprocated be the ellipsoid 

$44-' «• 
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Hence we have to get the envelope of the plane (2), a, /8, 7 
being parameters connected by the relation 

?LV^ + f = l (4) 

Using the method of undetermined multipliers we get to 
determine the envelope, 



whence 1 + X^ = 0; 






and substituting in (2) the envelope becomes 

aV + 6y + cV = A;*....! (5). 

The surface represented by (5) is often called the reci- 
procal ellipsoid of that represented by (1). 



EXAMPLES. CHAPTER X. 

1. Find the envelope of the series of planes 

aa)-{-fiy + yz = 1, 
where a, 13, 7 are parameters connected by the relations 

a' + /? + 7« = l, 
la + m/S + 717 = 0. 

2. Find the envelope of a sphere of constant radius 
which moves with its centre on a fixed circle. 

3. Find the envelope of central sections of an ellipsoid 
of which one axis is constant and ec\v\a\. \» U, 
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4. Find the envelope of planes which are the polars of 
points on the ellipsoid 

with respect to the eUipsoid 

a? 3/* ^ __^ 
c? + ^+</--'- 

5. Find the envelope of a sphere of constant radius which 
moves with its centre in a fixed plane. 

6. Find the envelope of an ellipsoid whose axes are 
given in direction and the product of whose axes is constant 
and equal to Si*. 

7. Find the envelope of the series of planes 

Ix + my + nz = v, 

where I, m, n, v are parameters connected by the relations 

8. Find the envelope of a sphere whose centre is at a 
point (a, j3, 0), and radius is 7 where a, ^, 7 are connected 
by the relation 

a»+iS» + 7« = A», 

k being a constant. 

9. Find the envelope of the surface 

\..^-\ — = 1 

a P 7 

where a, 13, 7 are parameters connected by the relations 

a«"6«""7»' 
a, 3, c? being constants. 
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10. Find the envelope of all planes which cut off a 
constant volume from the co-ordinate axes. 

11. Find the envelope of a series of planes which move 
so that the perpendicular on thiem from the origin is constant 
in length. 

12. Find the envelope of a series of planes which move 
so that the area of the section of an ellipsoid made by any 
one is in a constant ratio to the area of the parallel section 
through the centre of the ellipsoid. 

13. Find the envelope of a sphere of constant radius 
which moves with its centre on a fixed sphere. 

14. Find the envelope of the plane 
when a, P, y are connected by the relations 

^V^+^=i 

^.+ j2-i-^ A, 
la + m/S + ny=l. 

15. Through a given point (a, jS, y) a series of chords 
are drawn to an ellipsoid whose equation is 

in such directions that the line of intersection of the tangent 
planes at the extremities of each chord is perpendicular to 
that chord. Prove that the envelope of the lines of inter- 
section of the tangent planes is a parabola which is the 
intersection of the polar plane of (a, fi, y) with the cone whose 
equation is 

a b c ' 



CHAPTER XI. 



ON FUNCTIONAL AND DIFFERENTIAL EQUATIONS OF 

FAMILIES OF SUBFACES. 



142. To find the gefoercbL equation of conical mrfaces. 

A conical surface is generated by a straight line which 
ahuays passes through a fixed point and meets a fixed curve. 

Let (a, /8, 7) be the fixed point, and let the equations of 
any generating line be 

x-a^yj-l^z-r^ (1) 

L m n 

Let the equations of the curve through which (1) always 
passes be 

y=^f(x), z = ylr(x) (2). 

■ Since (1) always meets (2) we have 

fi+j(x-a) = <l>(x), 

n 
7 + I (a? — a) = -i/r (x). 

And eliminating x between these equations, we shall get 

n nh 

a relation between -j and y, which can be put into the 

form 



n (m\ 
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whence the equation of the cone becomes 

i^=F(y^] (3). 

This is the functional equation of conical surfaces. In 
all cases it is dear that the equation is homogeneous in 
X'-a, y — jS, z — y; in fact the result we have obtained is 
the analytical statement of the fact that the equation of 
any conical surface whose vertex is at a point (a, jS, 7) is 
homogeneous in x — a, y — /3, z—y; an extension of the 
result of Art 34. 

A differential equation holding for all such surfaces can 
be deduced thus. 

From (3) differentiating with respect to x, 

ax \x — a/ \x — aj \x—aj 
and with respect to y, 

dy U - ay ' 

dz ^z — y y — ^dz 

* dx X'-a x — a' dy' 

oz dz 
or(a,-a)^ + (y'^)^ = z-y (4). 

143. To find the general equation of cylindrical swrfaces. 

A cylindrical surface is generated by a straight line which 
moves ahuays parallel to itself and meets afi^ed curve. 

Let ?, m, yi be the direction-cosines of any one of the 
generating lines, and 

X-.^Y-y^Z-.^^ (1) 

I m n ^ ' 

the equations of the line. Let the equations of the directing 

curve be 

F=^(Z), Z=nX) (2). 

Since (1) meets (2), we have 

y + mr = ^ (a: -h fr), a -V ur ^-^ Vx -V \t^> 
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and by eliminating r between these two equations we get a 
relation between x, y, z, the co-ordinates of any point in any 
one of the generating lines, which is therefore the equation 
of the surface. 

The general form of the result is obtained thus. 
From (1) mX — lY^ mx — Zy, 

wF— m^= ny — mz. 

But from (2) mX — IT and nY—mZ can ordinarily both 
be expressed as functions of X, and we can therefore deduce 
a relation of the form 

mX -lY = F{nY -mZ)) 

.*. mx — ly = F{ny — mz) (3), 

which is the general functional equation of cylindrical 
surfaces. 

The diflferential equation can be deduced. For from (3), 
differentiating with respect to x, 

dz 
m = - mF' (ny — mz) -7- , 

and differentiating with respect to y 

-l=(n-m^F'(ny-mz\ 

, jdz dz 

whence t ^r =n- m -r- , 

ax dy 



or 



Idz dz 
dx^'^dy^'' <*)• 

If the direction of the generating line of the cylindrical 
surface be parallel to the axis of y we have Z = 0, m = 1, 
n = 0, and equation (3) becomes 

x=.F{'-z) or f{x,z)^0 (5). 

Any equation of this form represents therefore a cylin- 
drical surface whose base is the curve of which (5) is the 
equation regarded as an equation restricted to the plane 
of sec. 
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Similarly the equations 

/(«. y) = 0, 

represent cyUndrical surfaces whose generating lines are 
parallel to the axes of z and x. 

These results axe obvious also from general consider- 
ations. 

144. To find the general equation of conoidal surfaces. 

A conoidal surface is a surface generated by a straight 
line which always meets a fixed straight line, is parallel to a 
fi^ced plane, and meets a fixed curve. 

Let the equations of the fixed line be 

— r- = ^4r^=— r-^='' (1). 

L m n • 

and let the equation of the fixed plane be 

Vx + m'y + vlz^O (2). 

The co-ordinates of any point in (1) can be represented 
by a + Zr, ^ + mr, 7 + wr, and the equations of any straight 
line through this point are 

x — a — lr__y — — mr _z — y — nr . . 

If this be parallel to (2), we have 

\Z' + /Am' + im' = (4). 

From (3) and (4) 
V (x-ol) + m'{y- 0) + n'{z - 7)= {If + mm' + nn') r...(5), 

and from (3) eliminating r 

n\ — lv ^n (x — ot) — I (z -- ry) 

nfi—mv n(y — l3)—m(z-'rY) ^ ^' 

Now the condition that the straight line (3) may meet tK<^ 
fixed curve, combined with (4), m\\ otdcv^ax^^ ^-^^i^^ x^^^ ^'^ 
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express - and - as functions of r, and consequently we can 
arrive at a result of the form 

or 

:(^;-7)^:i,t-7) =^ ^'^^ - '^^ "'^^ - ^^^ "'^^ -''^^- •^'^' 

which is the general functional equation of conoidal surfaces. 

If the fixed plane be taken as the plane of ay, and the 
point where the fixed line meets it as the origin, we have 

r=0, m' = 0, n' = l, a = 0, ^ = 0, 7 = 0, 

and the equation (7) becomes 

^?^^=i'(^) (8). 

ny - mz ^ ^ ^ ^ 

If the fixed line be perpendicular to the fixed plane 

1 = 0, m=0, 71=1, 

and the equation of the surface becomes 

y 

or ^ = ^© <^>- 

In this case the surface is called a tighb conoid. 

145. The differential equation of conoidal surfaces can be 
deduced firom (7) ; for differentiating it with respect to x, we 
have 

(dz\ dz 

t7i(y-/3)-m(^-7)}- 
= ('r-f^'-J)i^'{f(x-a)-i-m'(y-)8)-f.n'(^-7)}; 
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and differentiating with respect to y, we have 

l»(y-y8)-m(«-7)}' 
= (m' + n' ^) ^' {r (« - a) +m' (y - /8) + n' (« - 7)}, 
and reducing and eliminating 

we obtain 

("*' + "' ^)t^(2'-/3)-'«(^-7)+2{'»(«-a)-«(y-/8)}] 

+ (^' + "' S) t"<''-') - « (^ - 7) + ^l{i(S'-/8)-m(«-a)}] = 0, 
or m' {n(y'-fi) — m(z^ 7)} + ? {w (a? — a) — ? (xr — 7)} 

+ ^|[n'{n(y-/8)-m(^-7)}+i'{%-/3)-^(^-^)}]=0...(10). 

The differential equation corresponding to equation (8) id 
obtained by putting 

a = 0, ^ = 0, 7 = 0, Z' = 0, m' = 0, w' = l, 
and is therefore 

(na:-?^)^+(ny-m^)^ = (11). 

The differential equation of a right conoid is obtained 
from (11) by putting 

1 = 0, m = 0, w = l, 

and is therefore 

'i+i'l-'^ ''^^ 
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The forms (11) and (12) can of course be obtained di- 
rectly from (8) and (9) by differentiation. 

For instance from (9), differentiating with respect to x, 
we have 

dao y^ \yj 
and differentiating with respect to y, 

dz __ X , /x\ 

whence eliminating '^' ( -1 , we have 

dz ^^ _(\ 
dx dy'^ 

146. The three classes of surfaces we have considered 
are all included in the general class of ruled surfaces, that is, 
surfaces which can be generated by the motion of a straight 
line. The first and second differ from the third in this, that 
any two consecutive generating lines in any surface of the 
first or second classes lie in one plane, whereas this is not 
in general the case with the third class. Buled - surfaces 
in which consecutive generating lines lie in one plane are 
called developable surfaces, while all other ruled surfaces are 
called skew surfaces. Thus the surface generated by the 
ultimate intersections of the normal planes to a given curve 
is developable. 

Developable surfaces are so named for the following 
reason. Let a series of consecutive generating lines be 
drawn. The plane which passes through the first and 
second line intersects the plane which passes through the 
second and third line in the second line. The first plane 
may be turned round the second line till it coincides with the 
second plane, and thus three generating lines of the surface 
can be made to lie in one plane. Again, this plane can be 
turned round the third line till it coincides witji the plane 
which passes through the third and fourth lines, and so four 
consecutive lines can be made to ^ift m oxl<^ ^laae. In this 
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manner the whole surface can be developed so as to lie in 
one plane without tearing. 

Since any two consecutive generating lines of a develop- 
able surface lie in one plane, any such surface may be pro- 
duced by the ultimate intersections of a series of planes, and 
since any two consecutive planes intersect in a tine on the 
surface, the equation representing any one of the series can 
only involve one arbitrary constant (Art. 134). 

147. Let the equation of one of the planes be 

Ax + By + Cz-D = (1). 

Then since the equation only involves one arbitrary con- 
stant, A, By C, D must be functions of one constant which 
we may call a. Thus equation (1) may be written 

a^<l>,(a) + y<l>,(a) + z<l>,{2)^<l>,(a)^0 (2), 

and the envelope is found by eliminating a between (2) 
and the equation obtained by diflferentiating it with respect 
to a, viz. 

x<l>^ (a) + y^; (a) + ^^,' (a) - <^; (a) = (3). 

To obtain the general differential equation of developable 
surfaces we must differentiate (2), considering a as a function 
of X, y, z determined jfrom (3). 

Differentiating with respect to a?, we get 
dz 

+ w/ («)+#; (a)+^<^»'(«)-<^;(«)}{g+J£}=o, 

or by (3), ^^(a) + ^^,(a) = (4). 

Similarly, differentiating with respect to y, we get 

Hz 
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Eliminating a between (4) and (5), we get 

" ■%) <«)• 



dx ^\dy) 



and differentiating again with respect to x and y in turn, 
we get 

d^z _„ fdz\ d^z 
\dyl'da 



da? "^ \dyl ' dxdy' 
d?z _^(dz\ d^z 
dxdy •' \dy) ' dy* * 



And eliminating /' (-^ j , we get 



d^z d^z f d?z 



- f-^V= 

\dx dy) ' 



da? ' dy^ \dx dy, 
which is the differential equation of developable surfaces. 

148. To find the general equation of surfaces of re- 
volution, 

A surface of revolution is the surface produced by the 
revolution of a plane curve round a fixed straight line in its 
plane called the aads of revolution. 

Let the equations of the axis of revolution be 

x-a ^ y-^ ^ z-fj . 

I m n * ^ 

And let y=f(x) be the equation of the revolving curve 
when the axis of revolution is taken as the axis oi x, and 
the point (a, jS, 7) as origin. Let P be any point on the 
surface, PR perpendicular on the line (1), and Q the point 
(2» A 7). Then from the definition of a surface of revo- 
lution, 

PR=f(RQ) (2). 

But RQ = I (x -a) + m (y - 13) + n (z - 7), 

since it is the perpendicular from Q on a plane through P 
perpendicular to (1), and 
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Hence 

(a?-a)» + (y-/8)» + (^-7)«={?(^-a) + m(y-/8) + n(^-7)r 

+ [/{i(^-a) + m(y-/3) + 71(^-7)}]', 

or(a?-a)«4(y-/3)« + (^-7)» 

. =^{Z(a?-a) + m(y-/3) + w(^-7)}..,...(3), 

which is the functional equation of surfaces of revolution. 
The differential equation can be thus deduced. 
Differentiating (3) with respect to x we get 

{dz) 
I + » j--^' \l(as — a.) + m{y — fi) + n(z — i)], 

and differentiating with respect to y 



2{(y-/3) + (.-7)|} 



= \m +^ j-[ ^' {i (a? - a) + m (y - /8) + n (-2? - 7)}. 

Eliminating 4> ^^^ reducing, we get 

dz 
m(a?-a)-Z(y-/3)+{m(^-7)-n(y-/3)}^ 

+ {n{x-a)-l{z-i)]fy = Q (4). 

which is the differential equation required, 

149. The conditions that the general equation of the 
second degree should represent a surface of revolution, can 
be obtained either from the functional or differential equa- 
tion of the last Article. We will obtain them from tha Cvvs^^i.- 
tional equation. 
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Let the equation be 
Aa?^ 3^ + 01^ + 2A'yz + 2Fzx + 2(7 xy 

+ 2A"x + 2B'y + 2G"z + F==0 (1). 

If this equation represents a surface of revolution it can 
be put into the form 

(x-ay + (i/-^''+(Z''yy = P(lx + my+nzy 

+ Q(lx-\-my + nz) + R (2), 

where P, Q, It are constants. This is evident from the 
considerations that the right-hand member must be some 
function of 

Z (aj- a) + m (y- y8) + 7i (^ - 7), 
or of Ix + my •{•nz — (la + mfi + nr/), 

and that it cannot contain x, y, z to o, higher degree than 
the second. Making the equations (1) and (2) identical, 
we obtain from the terms of the second degree 



,PP-l = kA (3), 


Pmn = kA'... 


...(6). 


Pm'-l = kB (4), 


Pnl = kF... 


...(7), 


Pn'-l = W (5), 


Plm = kCy ... 


...(8), 


where k is some constant. 




s 



Multiplying (7) by (8) and dividing the product by (6), 
we obtain 

P1^ = k^=kA + l; 

•• Af jL — jy rf •• \^)' 

These are the conditions which must be satisfied by the 
coefficients of the equation. 

« 

The relations which must subsist between a, ;3, 7 are 
obtained by equating the coefficients of the terms of the first 
degree in (1) and (2). We thus obtain 

Ql + 2a = 2kA", 

Qm + 2^=2kF', 

Qn + 27 = 2fcC" . 
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Whence MjZ^ ^kE:ilJ.O:Jzl (10). 

I m n ^ ^ 

But -j^, = ^p = ^57, and & is given by (9). 

~A^ ~W ^~ 

The three equations (10) being the relations which 
a, /8, 7 must satisfy are the equations of the axis of re- 
volution. 

150. The preceding investigation fails if the quantities 

-ji — A -j^"^' -^-0 vanish, 

for then k is required to be infinite. 

We know that the equation (1) in this case represents a 
parabolic cylinder, or two parallel planes (Art. 91), conse- 
quently the surface cannot be a surface of revolution. 

The investigation also fails if A\ B\ or C vanish. Sup- 
pose A = 0. From equation (6), mn = ; .*. w = or n = 0, 
and therefore, ff or & must vanish also. Suppose w = 0, 
and therefore jff = 0, we get then 

Phn = kC\ 

kC = -l, 

and (1+ M) (1 + i5) = P«Pm» = A;'G'" ; 

.-. (a-^)((7-5) = a'*, 

which with £' = is the condition required. The other 
exceptional cases can be treated in the same way. 

151. The diflferential equations of the different classes 
of surfaces can be put into a more symmetrical form by the 
substitutions 

dF dF 

dz ^ dx dz dy 

dz d2 
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and corresponding substitutions for the second differential 
coefficients of z, the equation of the surface being assumed 
to be 

Thus the differential equation of cylindrical surfeces 
becomes 

tj — |-w^- + w^- = (1). 

ax dy dz 

The equations can be more conveniently used in this 
form to discover whether a surface whose equation is given 
belongs to the peculiar class considered. 

For instance, if the surface be cylindrical, there must be 
some values of Z, m, n which shall make the expression 

.dF ^ dF ^ dF .^. 

ax ay az 

vanish identically for all values of a?, y, z corresponding to 
any point on the surface. 

The conditions that this may be possible will be that the 
coefficients of the several powers and products of x, y, z in 
(2) must vanish for the same values of Z, m, n. 

The diflferential equations can be found independently of 
the functional For instance, equation (1) is the algebraical 
statement of the fact that at all points of the surface 

F{x,y,z)^^, 

a straight line whose direction-cosines are ?, m, ti is a tangent 
line to the surface, a condition obviously satisfied by cylin- 
drical surfaces only. 

In the case of conical surfaces we at once obtain the dif- 
ferential equation 

from the consideration that the straight line joining any 
point (a, y, z) with the vertex is a tangent line to the surface 
at the point (a;, y, z). 
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1. Shew' how to find the functional and diflferential 
equations of a tubular surface, that is, a surface which is the 
envelope of a sphere of constant radius which moves with its 
centre on a fixed curve. 

2. Prove that the surface 

is a surface of revolution round the line x=^y = z. Find the 
equation of the generating curve. 

3. Find the equation of a conoidal surface of which the 
generating lines pass through the axis of z and are paraUel to 
the plane of ojy, and whose directing curve is a circle with its 
centre in the axis of x and its plane parallel to that of yz. 
{The Gono-Cuneus,) 

4. Find the equation of the surface generated by a 
straight line which passes through two fixed straight lines 
at right angles to each other, and also through a circle 
whose plane is parallel to each of the straight lines and 
whose centre is at the middle point of the shortest distance 
between them. 

5. Find the equation of the surface generated by a 
straight line which always passes through the axis of z and 
some point of the curve 

ic = acos^, y = asin^, z=^cd\ 
and is parallel to the plane of xy. 

6. Find the equation of the surface generated by the 
tangent lines of the curve 

a? = a cos ^, y = a sin ^, z = c0. 

7. Find the equation of a conical surface whose vertex 
is at any point on the surface of a sphere, and whos^e Vy^sfo^a* 
a small circle of the sphere. 
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Find also the curve in which the cone is cut by a plane 
through the centre of the sphere perpendicular to the dia- 
meter through the vertex. 

8. Find the equation of the surface generated by the 
revolution of a circle round a straight line in its own plane 
which does not cut it. 

9. Prove that all tangent planes to the surface in the 
last question which pass through its centre cut it in two 
circles. 

10. A fixed straight line AB meets a fixed plane in A, 
A straight line AP moves so that the sine of the angle which 
it makes with AB bears a constant ratio to the sine of the 
angle which it makes with the fixed plane. Find the surface 
generated by AP, 

11. Find the con(Htions that the surface 

Aa? '\- Bf '\- G^" ■\- 2Ayz + 2B'zx + 2C'xy 

+ 2A"x + 2^V + 2C"z + J = 
may be a cylindrical surface. 

12. Shew that with the notation of Art. 100 the con- 
dition that the surface F (x, y, z) = may be develop- 
able is 

+ 2rW(vW- uu) + 2 WUiw'v!- vv") + 2 i7F(uV- v}v/)--Q. 

Deduce the conditions that the surface in (11) may be 
developable. 

13. Find the equation of the surface generated by all 
the normals drawn to an ellipsoid 

^4-2^ + ^-1 
a 6* c 

at the points where it is cut by the cone 

" + ^ + ^=0. 
X y z 
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14. A surface is generated by a straight line which 
passes through the axis of ^, and the line x^a, z — 0\ re- 
maining parallel to the plane y = kz. Shew that its equa- 
tion is a? (y — kz) = ay. 

15. Describe the general nature of the surfaces repre- 
sented by the several equations 

.(1) f(r, 0) = 0. (2) fir, 4,) = 0. (3) f{0. 4>) = 0. 

16. Examine the nature of the surfaces represented by 
(1) r^==a*cos2ft (2) r^=a*cos2(^. 

17. Find the equation of a cylindrical surface having 
one central circular section of an ellipsoid for its guiding 
curve, and its axis perpendicular to the other circular 
section. 

18. With the axis of as axis a series of helices are 
described, all intersecting two given curves; prove that the 
functional equation of the surfaces generated is 

tan-^ I = ^ . i?'(aj« + y«) +/(^ + 2^), 

and that the differential equation is 

^cPz ^ cPz . ^d^^ __ dz dz 
^ do?" ^^ dxdy d^~^d(c^dy' 

19. A candle is placed at a given distance in front 
of a plane vertical circular mirror on a line perpendicular 
to the plane of the mirror through the extremity of its 
horizontal diameter; shew that the boundary of the re- 
flected light which falls on a wall of which the plane is per- 
pendicular to that of the mirror is a parabola, and deter- 
mine its latus rectum. 

20. A straight line AB moves on two fixed straight 
lines not in the same plane so that the portion between 
the lines subtends a right angle at a fixed point 0. Prove 
that the locus of this line is a skew surface of the «fta<^\i^ 
order. 
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21. Obtain the differential equation of sur&ces of revo- 
lution from the consideration that at every point of such 
surfaces one tangent line is perpendicular to the plane con- 
taining that point and the axis of revolution. 

22. Shew that if a section of a right conoid whose 
generating lines are parallel to the plane of ^ be made 
by any plane parallel to that of xy, the normals at points in 
the lines of section will meet the plane of o^ in concentric 
hyperbolas. 

23. Prove that the general functional equation of the 
sur&ces generated by a circle which always touches the axis 
of z at the origin may be written in the form 

«^ + 2^ + ^ = 2«c/(|), 
and that the differential equation is 

24. Shew that the equation 

^(2-0-aj-y)* + 22r(a-2r)(a?-.y)'-2a*(-2:-a?)(^-y) = O 
represents a conoidal surface. 

25. Describe the form of the surface whose equation is 

sm - = 71 tan - . 
c X 

If n = 2, prove that through any point an infinite number 
of planes can be drawn, each of which shall cut the siuface 
in a conic section. 



CHAPTER XII. 



ON FOCI AND CONFOCAL QUADRICS. 

162. A FOCUS of a conic section is a point such that the 
distance of any point on the curve from it can be expressed 
' as a linear function of the co-ordinates of that point. 

There are certain points which have analogous properties 
in reference to quadrics, and which may therefore be called 
foci of quadrics. 

153. For instance the equation of the ellipsoid is 

iC* v« ^ , 

a« + F+? = l «' 

where we will suppose a, 6, c in descending order of magni- 
tude. Also let gj, e^ e^ be the excentricities of the sections 
of (1) by the planes of yz, zx, an/ respectively. 

The co-ordinates of the focus of the section by the plane 
of xy are ae^y 0, 0. The square of the distance of any point 
(x, y, z) in (1) from this focus 

= (a? - ae^y + y^ + 2^ 

^{e.x-af"—^ 

be 
= (e^x — ez — a) (e^x + e'z — a\ if e' =^ — ^ • 
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Hence the square of the distance of any point on (1) 
from the focus of the section of (1) by the plane of xy is 
equal to the product of two linear functions of the co-ordi- 
nates of the point. 

Or, geometrically, we may say that the square of the 
distance of any point on the quadric from the focus of the 
section of the qixadric by the plane of xyy is proportional to 
the product of the distances of the point from two planes 
whose equations are 

e^'-e'z^a=^0 (2), 

ega? + e'^ — a = (3). 

These two planes intersect in a line whose equations are 
2r = 0, ejc — a — Oy that is in the directrix of the section of 
the quadric by the plane of ayy. 

Similar properties hold for the foci of the sections of the 
quadric by the planes of yz and zx, but in these cases the 
two planes corresponding to (2) and (3) are impossible, 
though their line of intersection is real. 

154. These points are not however the only points which 
have the same property. We will examine the conditions 
which must be satisfied by the co-ordinates of any point, in 
order that the square of its distance from any point on a 
given central quadric, may be proportional to the rectangle 
contained by the distances of the latter point from two 
planes, real or impossible. 

If a, /8, 7 be the co-ordinates of such a point, we must 
have the expression {x — a)* + (y — ^Y + (-s^ — 7)* identically 
equal to 

for all values of x, y, z which satisfy the equation of the 
quadric; d, ^, 7' being the co-ordinates of any point in the 
line of intersection of the planes. 
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Let the equation of the quadric be 

At^-{-Bf^-C^ = l (1). 

Then the equation 

-{l{x-a')+m(y-P)+n(z-'{)][V{x-ol)+m'{if-^)+n'{z-rf')} 
must be satisfied by all values of x, y, z which satisfy (1). 



=0(2) 



This can only be the case when the two equations are 
identical, and as first conditions for this the coefficients of 
yZy zx and xy in (2) must vanish. We thus get 

mn' + mn = 0, rJf + nl = 0, M + Vm = 0, 
which can only be satisfied by one of the sets of conditions 



m 



or 



m 

n' 
m = 0, m' = 0, — = 

n 

y 
w = 0, w' = 0, y = 



n 
n 
I 
' I 
m 
m 



/ "N 



,(3). 



V 



If we take the second set of these equations and put 
% = k, the equation (2) becomes 

(a,- a)»+ (y-/S)»+ {z-if-Wi!c-ay+hi\z-i)*=Q (4). 

Comparing the remaining terms of the second degree 
with those in (1) we obtain 

l-fc?'_l _\ + kn* 
A ~ B~ ~C ' 



or 



kP=l--^, /bi* = ^-l, 



V^% 
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And by comparing the terms involving w, y, z, and the 
constant term in (4) with the corresponding terms in (1) we 
have 

a-ifcPa' = 0, /8 = 0, y + kn^y^O (6), 

a* + i8« + 7»-A:Pa'« + AnV* = -5 (7). 

And substituting for a\ y from (6) in (7) we obtain by help 
of (5), 

"l — 1 + 1 1 ""''^ (^)' 

The equation (8) combined with /8=:0 gives a conic 
section in the plane of zx, all the points on which may be 
considered as foci of the quadric. This curve is called a focal 
conic of (1). 

155. The equations (6) give values of a' and y cor- 
responding to any particular focus (a, /8, 7). These values 
determine the position of a straight line which we may call 
the directrix corresponding to that particular focus. 

The directrices corresponding to the diflferent foci lying 
on the conic (8) all lie on a cylinder whose equation will be 
found by eliminating a and 7 between (6) and (8), to be 

166. The other conditions in (3) will similarly give us 
two other focal conies in the planes of xy and yz whose 
equations are 

r7T+T7T=i (9). 

A G B C 

r7T+TtT = i (10); 

BACA 
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and corresponding to any focus there will be a directrix per- 
pendicular to the plane in which the focal conic lies. 

Of these conies, whatever be the signs and relative mag- 
nitudes of A, B, C, one will be an ellipse, another an hyper- 
bola, and the third an impossible locus. 

157. For instance, in the ellipsoid whose equation is 
the equations of the focal conies will be 

6«_a« + c»-a»~ y^' 

And if we assume a, 6, c to be in descending order of mag- 
nitude, the first of these is an ellipse the extremities of 
whose axes are the foci of the sections of the original 
ellipsoid by the planes of yz and zoax the second a hy- 
perbola with its real axis in the axis of m^ the extremities 
of this real axis being the foci of the section of the ellipsoid 
by the plane of ayy\ while the third is altogether an im- 
possible locus. 

Similar results may be obtained for the two hyper- 
boloids. 

168. The focal conies of a cone 

^aj^ + £y'+C^=:0 (1) 

can be deduced from those of a central quadric 

Ac^-^-Bf^-G^^X (2), 

by putting \ equal to zero. 

A. a. ^ 
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ABC 
The focal conies of (2) would be, writing ^ » T » T ^^" 

At \ At 

Stead of il, B, C in the formulse (8), (9), (10) of Articles 154 
and 166, 

2 2 

a 



+ _1_=1, 

At At \ At 

A~B C~B 

a* SC 



At Ai \ \ 

A~G B~C 

-£- + _£-=!. 

At A, At At 

B~A C~A 

Or, multipIyiD? these equations by \ and then making \ 
to vanish, the focal conies of the cone (1) become 

a* 



1-1+1^1=^' 
A B C B 



1_1 1_1 

A G B G 



/S* 



-h^ = 0. 



B A G A 

Of these, whatever be the signs of 

l_i l-l i_l 

B G' G A' A B' 

one will give two straight lines, and the other two give a 
point, the vertex. 

159. To find the focal conies of the paraboloid 

B2^ + C2» = a; (IV 



ON FOCI AND CONFOCAL QUADRICa 196 

we must as in Art. 154 make the equation (1) identical with 

The first conditions for this identity are the same as 
equations (3) of Art. 154, and if we take the second of those 

conditions and put y = A;, equation (2) becomes as in that 

Article 

And since (1) contains no term involving a? and no con- 
stant term, we get 

and by comparing the remaining terms in the two equations, 
we have 

l + ibi'__l__ 2(a~ kVa!) 

/S=0, 2(7 + A7iV) = 0; 
and thus we get for the locus of the foci the two equations 

or ... 

Gy" _ 1/ 1\\ 

C-B~ BV ^b)\. 
and /8 = ol 

By taking the third of the conditions (3) of Art. 154 we 
shall similarly get another focal conic in the plane of osy 
whose equations are 

7 = 0, 



B-C GV ^GJ 

The first of the conditions (3) of Art. 154 v^ \s^ "^ki^ ^^asft. 
inadmissible inasmuch as (1) coivtama tlo \»^tc£\ \ss^^^v^^^ - 
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Thus in this case the focal conies are two parabolas whose 
vertices are the foci of the sections of the surface (1) by the 
planes of xy and zx. 



160. Two central quadrics 












will have the same focal conies if 






1111111 11 

B~C~F~Cy' A'C A" A' 


1 1 
B~A' 


1 

~ B' 



or as we may write the conditions^ if 

Two quadrics whose equations satisfy these conditions are 
called confocal quadrics. 

Thus if the equation of an ellipsoid be 

i44=' <!>' 

all surfaces whose equations are of the form 

a^ y* z^ 

where k is any quantity positive or negative, are confocal 
with the ellipsoid. 

161. If a, ^, 7 be the co-ordinates of any point, we can 
find the equation of a surface passing through (a, /8, 7) and 
confocal with (1) by determining k ifrom the equation 

^' +11^+3^-1 = (3), 



aJ' + k^V + k^c' + k 

which is the condition that (2) should pass through the point 

(^^ A y). This equation is a cubic in &, of which it can be 

shewn that the roots are all real. T^i^xe^ «x^ ^k^t^Core three 
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ft 

quadrics confocal to (1) which pass through the point (a, /8, 7), 
of which one can be shewn to be an ellipsoid^ and the others 
to be hyperboloids of one and two sheets respectively. 

162. Any two confocal quadrics intersect at right angles 
at all points where they meet. 

For let a?, y, ^ be the co-ordinates of any point common 
to the two quadrics 

The equation of the tangent plane to (1) at the point 
ix, y, z) is 

?;^+2!>+^ = l (3). 



A'^ B^ G 



And the equation of the tangent plane to (2) at the same 
point is 

A^h^ B^h^ G^h ^*^' 

But from (1) and (2) by subtraction we obtain at all their 
points of intersection 

0? 'J^ ^ 

A{A^h)^ B{B^h)^ G(G^hy^' 

which is the condition that (3) and (4) should be at right 
angles to each other. 
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EXAMPLES. CHAPTER XII. 

1. Find the equations of the focal conies of the quadric 

2. Find the equations of the quadrics confocal with the 
quadric 

2aj^ + 3y» + 42f* = 9, 
which pass through the point (1, 1, 1). 

3. Find the locus of the points of contact of tangent 
planes drawn from a point in the axis of a? to a series of con- 
focal surfaces whose axes coincide with the axes of co-ordi- 
nates. 

4. Shew that the surfaces 

a aW" a ax — b 
a? y n? _ - 



intersect everywhere at right angles. 

5. Shew that if the foci of the principal sections of two 
paraboloids coincide, their focal conies will also coincide. 

6. Extend the proposition of Art. 162 to the case of two 
confocal paraboloids. 

7. If from any point a tangent cone be drawn to an 
ellipsoid shew that the axes of the cone are the three 
normals that can be drawn at the vertex to the three 
confocals through the vertex. 

8. Prove that if a, a\ a!\ a'" be the transverse axes of 
an ellipsoid, and of the ellipsoid and hyperboloids of one and 
two sheets which can be drawn through any point confocal 
to the first ellipsoid ; and if a'* + a"* + a'"" = 3a*, then three 
tangent planes can be drawn from the given point to the 

siren ellipsoid mutually at riglit angles. 
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ON CURVATURE OF SURFACES. 



163. Two surfaces are said to have contact of the first 
order at any point where they meet when they have a com- 
mon tangent plane at that point. The necessary and suffi- 
cient conditions for this are that for the same values of x and 

dz dz 

y the values of Zy -7- and -y- shall be the same for the two 

surfaces. 

Two surfaces are said to have contact of the n^ order at a 
point where they meet when the sections of the two surfaces 
by every plane passing through that point have contact of the 
n^ order. This we will prove to be the case if the sections of 
the surfaces by all planes which contain any given straight 
line through the point of contact not lying in the tangent 
plane have contact of the n^ order. 

For let the common point be taken as origin and the 
given line as axis of z. Let the equations of the two surfaces 
be 

^-fi^.y) (1), 

z = F{x,y) (2). 

Expanding (1) and (2) we obtain 









200 ON CURVATURE OF SURFACES. 

where z^ and z^ are the ordinates of the two surfaces corre- 
sponding to the same values of x and y\ and in the quantities 

■^ , ^ , ... a? and y are put equal to zero after the diflferen- 

tiations are performed. 

Now since all sections of (1) and (2) by planes which con- 
tain the axis of z have contact of the n^ oraer, the difference 
of z. and z^ must be of the {n + 1)**^ degree in x and y. Hence 
we have 

df^dF d£^dF ^^(PF dy ^ cPF 
dx dx* dy dy * da? do? ' dxdy dxdy ' 

dy^d*F dj ^ d'^F 

dx""" doT' '" dafdy''^'' dofdy* 



M'-r * 



" •••(5). 



If now the axes be changed in position, the origin remain- 
ing the same, since the new co-ordinates x\ y\ / of any point 
are linear functions of the old co-ordinates, it is clear that any 

d'^z' 
differential coefficient of the form , ,, ^ ■ ■ can be expressed in 

dx ay 

terms of the differential coefficients of z with respect to x and 
y of orders up to but not exceeding the {r + sfK Hence if the 
differential coefficients of z with respect to x and y for one 
surface, up to those of the n^ order inclusive, be respectively 
equal to the corresponding quantities for a second surface, the 
same will be true of the differential coefficients of z' with 
respect to x' and y'; that is, if conditions (5) be satisfied for 
two surfaces with any one set of axes, they will be also satis- 
fied with any other set of axes. 

Thus if the sections of the two surfaces (1) and (2) by all 
planes through the axis of z have contact of the n*^ order, so 
will their sections by all planes through the common point. 

The conditions that two surfaces should have contact of 
the n^ order at a given point are therefore that the values of 

dz dz dl^z d^'z d!^z 

^' d^' 5^' ••• d^' d^r^' ••• d^' 

should be the same for the two surfaces for the given values 
of a? and y. 
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164. If two surfaces toii/ch at a given point and the 
sections by a plane through the normal a/nd any ta/ngent line 
have contact of the second order, then all sections by planes 
through the same tangent line have conta^ct of the second order. 

Take the common point as origin and the common normal 
as axis of z. Then, z =f{Xy y\ z = F(x, y) beine the equa- 
tions of the two surfaces, the values of ^ , -/- , -=- , -r- 

dx ay dx dy 

vanish at the origin and the equations of the siudGEU^s can be 
put in the form 

z — aof + bxy -^ cy^ •{• (1), 

z^Aod'+Bxy^Cf'^- (2), 

where a, 6, c are the values of h j^f , '{ , h~j% ^^ ^^^ 

origin, and A, B, G those of J -^, ^^, J ^ . 

Also if the given tangent line be the axis of x, the sec- 
tions by the plane of zx have contact of the second order, and 
wehavia = l 

Consider now the sections by a plane through the axis 
of X whose equation is 

y = mz (3), 

we have for a given value x^ of a?, in the one surface 

^1 = ^1 + K^i + c^i* + ••• > 
and in the other 

.-. ^,-z^ = x^ {by,- By^) +cy^' -Cy^^ + ... 

But z,, z^ being of the second degree in x,, y, and y^ are so 
, also by (3), and therefore x, (byi^By^ is of the third degree, 
and therefore z, — z^ is of the third degree in a? , and the 
sections of the two surfaces by (3) have contact of tne second 
order. 

Similarly if two surfaces have complete cotAafc\» <5ll *^^ 
(n — 1/*^ order at a given point, and t\i^ Sk^eXAftTL^V^ ^ao^ ^^^ssx^^ 
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through the normal and a given tangent line have contact of 
the w order, then all sections by planes through this tangent 
line have contact of the ri^ order. 

165. From the proposition proved in the last Article it 
follows that if R be the radius of curvature of any normal 
section of a surface, jB cos 6 is the radius of curvature of an 
oblique section through the same tangent line inclined at an 
angle 6 to the normal section. For if a sphere whose radius 
is R be described touching the surface at the given point, 
the normal sections of this sphere and the surface through 
the given tangent line have contact of the second order and 
therefore also any oblique sections. 

But the radius of curvature of the oblique section of the 
sphere is obviously R cos ; hence the radius of curvature of 
the oblique section of the given surface is also R cos 6. This 
proposition is called Meunier's Theorem. 

166. If the tangent plane at any point be taken as the 
plane of ayy and the point of contact as the origin, we have 
seen that the equation of the surface can be put into the 
form 

z ^ ao^ -)r hxy + cy^ -\- (1), 

where the remaining terms are of a higher degree than the 
second. 

Consider the section of this surface by a plane through 
the axis of z whose equation is 

y = x tan (2). 

The radius of curvature of this section is the limit of 
— ^-^ when the values of x and y are diminished indefi* 
nitely. Hence if /> be this radius, we have * 

1 __, aa? 4- hxy + (yf + A^ 



a? 



_ , a-\-h tan 6 -^ c tan'^ + Ax 

= acos*^4-bsm0co^9-vc«vTf6 .(3V 
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If we construct the conic section whose equation is 

CKc' + 6a?y + cy*=l (4), 

it is evident from (3) that the square of any radius vector of 
this conic represents the diameter of curvature of the section 
of (1) by a normal plane passing through this radius vector. 
This conic section is called the indicatrix of the surface at 
the given point. 

If in (1) we suppose x and y so small that the terms on 
the right hand affcer the third may be neglected, we get 

z=^(ia? '\-hasy-\-(yj^ (5). 

The curve in which this surface is cut by a plane z=^k 
parallel to the plane of xy is similar and similarly situated 
to (4). Hence the indicatrix at any point of a surface may be 
defined as a curve similar and similarly situated to the limit 
of the curve in which the surface is cut by a plane indefi- 
nitely near to the tangent plane at the given point. 

167. By choosing the axes of x and y so as to coincide 
with the principal axes of the indicatrix the equation (4) of 
the last Article assumes the form 

^aj» + Cy=l (1). 

Also the radii vectores drawn in the directions of the 
principal axes are respectively the least and greatest radii 
of the curve. Hence the normal sections for which the 
radius of curvature is least and greatest respectively, pass 
through the principal axes of the indicatrix. The radii of 
curvature of these sections are called the principal radii of 
curvature at the given point, and the sections themselves, 
the principal sections. 

Let R and R' be the principal radii of curvature, p and p 
the radii of curvature of any other sections at right angles, 
which we may take to be the sections through the axes of x 
and y in equation (4) of the last Article. Then 

2E~ ' 2iJ'~ ' 
1 _ 1 _ 

2^-"' V"*'" 



204 ON CURVATURE OF SURFACEa 

But J. + (7 = a + c. (Todhunter's Conic Sections, Art 
274.) 



And therefore 



i+i=^P^ ^'^- 



Also if the section whose radius of curvature is p be in- 
clined at an angle to the principal section whose radius 
is R, we have from (1) 

2p 

11 1 

/.- = ^cos'^ + ^sin'^ (3). 

p Jtl K 

We can thus obtain the radius of curvature of any normal 
section if we know those of the principal sections, and by 
Art. 165 we can deduce that of any oblique section. Hence, 
if we know the principal radii of curvature at any point of a 
surface, the curvatures of all sections of the surfece at that 
point axe known. 

168. To find the radius of curvature of any normal 
section of a surface at a given point. 

Let the equation of the surface be 

F(x,y,z) = (1), 

and let x, y, z be the co-ordinates of the given point P. Let 
l, m, n be the direction-cosines of the tangent line at (a?, y, z) 
through which the cutting plane passes. Also let ar + a, 
y H- )8, ^ + 7 be the co-ordinates of a point Q in the curve of 
section near to P. Let QR be drawn perpendicular on the 
tangent plane. Then (Frost's Newton, Art. 78) the radius of 

curvature of the section is the limit of ^^^ when Q is made 

to approach indefinitely near to P. 

But the equation. of the tangent plane is 

, , \ dr , , V dF . , . dF ^ /^. 

r^'-^)^+(y'-y)d^+(^'--)d^=o (2). 
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Hence 

dF ^dF dF 
^^ ''d^'^^di'^'^dz aCr+/3F+7Tr 



ax ay az 



JlP^jn-hW 



with the notation explained in Art. 100. 

And PQ« = a* + /9' + 7'. 

The radius of curvature is therefore the limit of 



But since the point (a?+a, y+fi, z+y) is on the surface {1% 

F(x + a,y + l3,z + y)^0, 
or expanding, and remembering, that F(x, y, z) = 0, 

Whence the above expression becomes 

'^ al'u + ^v + y'w + 2fiyu' 4- 2yav' + 2a(:iw' + ... 

where the remaining terms in the denominator are of higher 
dimensions than the second in a, A 7» 

Now, by Newton, Lemma VI. the angle between PR and 
PQ diminishes indefinitely as Q approaches P. Hence we 
have ultimately 

I m n' 

And making these substitutions and diminishing a, ^, 7 in« 
definitely, we obtain for the radius of curvature 

^JU'^-V* + W' ^^ 

'' M^ + w»*+M)n* + 2.u'mu-V'i'o''al-V'iaB\mC 
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169. The principal sections are those for which p is a 
maximum or minimum. Hence we have to make the ex- 
pression 

uP + vm^ + vm* + 2u'mn + 2v'nl + 2wlm (1) 

a maximum or minimum by the variation of I, m, n, which are 
connected by the relations 

P + m» + 7i» = l (2), 

m-\'Vm+ Wn = (3), 

the latter expressing the fact that the line whose direction- 
cosines are I, m, n lies in the tangent plane at the point 
(x, y, z). We shall denote the expression (1) by the symbol A. 

Diflferentiating (1), (2) and (3) and using undetermined 
multipliers, we obtain 

ul'\-w'm'\'V'n + kl + k'U=0 (4), 

w'l + vm + u'n + km + k'V^O (5), 

v'l + um+wn+kn + k'W=^0 (6). 

Multiplying (4) by I, (5) by m, and (6) by n, and adding, 
we get 

h + k = (7). 

And the three equations (4), (5), and (6), become 
{u'^h)l + w'm + v'n = — A:' TJ, 
v/l + (v-h)m + u'n = - k'V, 
v'l + u'm + (W''h)n = -k'W, 



whence 





I 




u. 


w , 


¥ 


V, 


v — h, 


u' 


w. 


w , 


w — h 





m 




u, 


v' , 


u — h 


y, 


u , 


w" 


w, 


w — h. 


«/ 





n 




u, 


u — h, 


V) 


V, 


w' , 


v — h 


w, 


«' , 


v! 



...(8). 



Substituting in (3), and reducing 
U*{{v-h)(w-h)-u'^] + V^{{w-h){u-h)-v'^\ 

+ W{{u-h){v-h)-v/*} 

+ 2FTr{»V - u' {n-h)] + 2WU{v/u'-v' {v-h)] 

+ 2177 \.u'd' - W (j» - ^\ = 0...C9). 
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From (9) we obtain two values of h and therefore of 
p, and from (8) we deduce the corresponding values of 
Z, w, w. 

170. The formulae of the last two Articles are somewhat 
simplified if we take the unsymmetrical form of the equation 
of a surface 

or /(^, y)-^ = 0. 

The reductions may be effected by the substitutions 

[7 = p, F=5, Tr=-i, 

w = r, V = f , ii; = 0, 

v! = 0, v' = 0, w* = 8. 

Moreover, instead of determining the tangent line through 
which the section is made by its direction-cosines, it is usual 
to determine it by its projection on the plane of xy, whose 
equation we may assume to be 

y'-y=^m{x -x) (1). 

The direction-cosines of the line of intersection of this 
plane with the tangent-plane at (aj, y, z), whose equa- 
tion is 

p(x -x)+q (y' - y ) - (/ - ^) = 0, 
are proportional to 1, m,p +qm, respectively. 

The value of p becomes with these substitutions equal to 

r + 2sm -\- tm^ 

171. *The result of the last Article can be obtained inde- 
pendently. Let a sphere be described having contact of the 
first order with the given surface at (x, y, z), and let the 
sections of the surface and the sphere by the plane (1) have 
contact of the second order. Then the sections of the sur- 
face and the sphere by a normal plane through the line 
in which (1) cuts the tangent plane will, b^ ^^^^ffik^"^ 
Theorem, have contact of the aeconA. oxdi^x ^Sfi^ ^im2«^ ^*^^Bt^ 
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and the radius of the sphere is therefore the radius of 
curvature of the section required. 



Let the equation of the sphere be 

.-. {X-a) + {Z-c)j^ = 

{Y-h) + {Z -0)^=0 

,^fdZV ,„ .d^Z - 

dZ dZ ,„ , d^Z _ . 

dX-dY^^'^~'^'dXd7-^ 

, (dZ\' .„ .d^Z „ 



(2); 



(3). 



(4). 



But at the point (x, y, z) 



dZ 



X=x, Y=y, Z = z, ^=P 



dZ 



since the sphere and surface have a common tangent plane. 
Ako since their sections bv the plane (1) have contact of the 
second order, the values of z in terms of x' — x, y —y for the 
sphere and surface must coincide as far as terms of the second 
degree in a/ — x, y —y for points lying in the plane (1)> 
whence we obtain 






SZ' 



dXdY 



dY" 



.(5). 



w8» 



We deduce from (3) 

and bom (4) 

dJ'Z ^ l-\-f d^Z pq ^_l±t 
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Whence from (5) 

_ l+j>' + 2pgm + (l + g')m' 

and 

...,.VfT7T?. '^^:^m;(;^t^>"' (6). 

The equation which gives the sections of greatest and 
least curvature at any point is obtained by making this 
expression for p a maximum or minimum by the variation 
of m. Whence 

{pq + (1 + q^) m] {r + 2sm + tm^] 

-{s + tm) {1 +/ + 2pgm + (l + ?") m^] = 0, 
or m' [s{l+<f) '-pqt]+m{r (1 +?") -f (1 +/)} 

+ {pgrr-«(l+/)} = (7). 

172. It may happen that at certain points of a surface 
the two principal radii of curvature become equal. It follows 
from Art. 167 that the radii of curvature of all normal sec- 
tions at that point are equal, the indicatrix in this case being 
a circle. Such a point is called an umbilicus. 

The conditions for the existence of an umbilicus can be 
deduced from the consideration that at such a point the 
expression 

up + vm" + wf? + 2u!mn + 2v'nl + 2,w'lm (1), 

must retain the same value for all values of Z, m, n consistent 
with the conditions 

Ul+ Vm-V Fn = (2), 

/2+ m«+ w» =1 (3). 

From (2) ITl^ + V^nC' + 2 UVlm = Wn^ ; 



• • 



21m = ^y 



Similarly, 2nt = ^^ , 

JJ'P _ -pm" - TPn» 
^'wn = Y^ • 

A. G. ' ^^ 
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Whence, substituting in (1), the expression 

F't)' Yw' Fm" 



„ f • TP-ui Uv' Uw'X , A 



'• 



H-7l'-^W + 



wu u w 

Ww Wu' Wv] 



UV V U 



must have the same value for all values of i, m, n consistent 
with (3). 

This gives the conditions 

W 

= t(;+ ^{TFw'- Uuf-Vv'] (4). 

If the equation of the surface be of the form 

u' = 0, v' = 0, V) = 0, and equations (4) become 

u^v^w (5). 

If U, V or W vanish the investigation fails. Suppose 

Txr V 

Then Vm + Wn = 0, or ti = — -^vm, 

YV 

. and the expression (1) becomes 

ulr + vrnr 4- w . ^^ . m* „ m' + 2lm Iw - -^ j , 

which must remain constant for all values of m and n con- 
sistent with the relation 

Hence Ww' — Vv' = 0, 

Tw 2u'V 

^+ W' ~w r'w+w'v-2rwu' 

and M = p5 = V+W ^^)- 
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Similarly if F= or Tr= the requisite conditions may 
be deduced In these cases, three conditions have to be 
satisfied by x, y, z besides the equation of the surface, which 
will not generally be consistent. 

The conditions for an umbilicus when the unsymmetrical 
form of the equation of a surface is used may be deduced 
from the consideration that the value of p in Art. 171 must 
be independent of m. We thus get 

1 4-j>''_pg_ 1 H-g* 
r ^ s t * 

173. The conditions for an umbilicus can be obtained 
in a slightly diflferent form. 

If h is the value of the expression (1) for all values of 
Z, m, n consistent with (2), it is evident that the ex- 
pression 

uP + vm? + wri^ + 2u'mn + 2v'nl + 2w'lm 

-A(Z^ + m» + n«) (1) 

must vanish for all values of Z, m, n consistent with (2). 
Hence Ul + Vm + Wn must be a factor of (6). The other 
factor must be 

u — h , v — h w — h 
-jj- 1 + -y^ m + -^ n, 

and multiplying these factors together and equating co- 
^flBcients of mn, nl and Im as in Art. 49, we have 

W V 

and two similar equations, whence 



A = 



V^u-^U^v-2w'UV 
U^W'{-Wu'-2vWU . 
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174. Lines of Curvature, 

A line of curvature on any surface is a curve such that 
the tangent line to it at any poiivt coincides with the ta/ngent 
line to one of the principal sections at that point. 

The differential equation of such lines is obtained by 

substituting -j-, -^, — for i, m, n respectively, in the 

equations which determine the directions of the principal 
sections in Art. 169. From the equations (4), (5) and (6) of 
that Article we have, eliminating k and k\ 



ul + w'm + vn, I, U 

w'l+ vm + u'n, m, V 

v'l + urn + wn, n, W 



= (1). 



and replacing I, m, n hy -j- , -^ , t- , respectively, we get 
the differential equation of the lines of curvature. 

The differential equation of the projection of the lines of 
curvature on the plane of ^ry is obtained by writing -J- for m 
in the equation (7) of Art. 171. 

175. A line of curvature is sometimes defined as a curve 
such that the normals to the surface drawn at any two con- 
secutive points of the curve intersect each oth^r. This defi- 
nition leads at once to the equation (1) of the last Article. 
For the equations of the normal at a point (oo, y, z) are 

d ^x _ y' -y _z' -z 

U " V ^ w ^ ^' 

The equations of the normal at a point (aj -h a, y + )8, + 7) 
are 



x' — x — o. y' —y — ^ 



U-\- uoL + w'^ H- v'^ + ... F-f wcL '\-v^ -{- 1^7 H- .. 

z' — z — y 



Tr+i;'a + u'3 -V 'U)'^ -V . . .' 



(3). 
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= 0, 



.(4). 



where the remaining terms in the denominators contain 
higher powers of a, ^, 7. 

The condition that (2) and (3) should intersect is by 
Art 31, 

ua + w'/3 + V 7, U, a 

whence v/a+ vfi + w 7, F, jS 

v'a H- u*l3 + wy, W, 7 

but ultimately a, ^, 7 are proportional to 3- > ;r^ > j- » 

respectively, and the equation (4) reduces to the same 
as (1). 

176. The radii of curvature at any point of a quadric 
can be obtained from the preceding formulae. Some of the 
results are so simple and important that they deserve a 
separate consideration. 

Since all parallel sections of a quadric are similar, it 
follows that the indicatrix at any point of such a surface is 
similar and similarly situated to the section of the quadric 
by a plane through the origin parallel to the tangent plane 
at the given point. Hence the tangents to the lines of cur- 
vature at any point are parallel to the axes of the section 
by this plane, and the umbilici are the points at which 
tangent planes can be drawn parallel to the planes which 
give circular sections. 

The equation of the tangent plane at any point (a, )8, 7) 
to an ellipsoid whose equation is 

a? 1/ z^ , 
— u ^ J — = 1 

a c 



IS 



« "1" 7« r <»""*'• 



a 



0* 
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If this plane be parallel to either plane of circular section 
we have 

a ^_ 7 



dJa^-V ±cJW^' 



, by Art. 65, 



and since (a, ^, 7) is a point on the ellipsoid, each of these 
ratios = + , . . 

Hence the ellipsoid has four umbilici whose co-ordinates 
are given by 

177. If a tangent line be drawn to a surface of the second 
degree at the extremity of the axis of any plane section of 
that surface and lying in the cutting plane, the axis of the 
section and this tangent line are at right angles. This tan- 
gent line to the quadric is therefore also a tangent line to a 
sphere described with the origin as centre, and the length of 
the semi-axis of the section as radius. 

Let the equation of an ellipsoid be 

-,+C+-,=i (1), 

or cr c ^ 

and let a sphere be described with the origin as centre and 
any radius k. The equation of this sphere is 

^ + y« + ^ = ifc« (2). 

The equation of the cone formed by straight lines joining 
the origin with all the points of intersection of (1) and (2) is 
therefore 

For this equation does represent a cone whose vertex is 
the origin and being satisfied by all values of a?, y, z which 
satisfy both (1) and (2) represents some surface passing 
through their intersection. 

Now every plane which passes through the origin and any 
tangent line to the curve of intexsectioii ot (1"^ ^nd (2) is evi- 
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dently a tangent plane to the cone (3). Hence if we draw a 
tangent plane to (3) along any generating line OP^ OP^ is one 
axis of the section of (1) made by this plane. Let UR be 
the other axis and Q be the point of (1) at which a tangent 
plane can be drawn to (1) parallel to this section, then OQ 
is conjugate to the cutting plane and OP^ is conjugate to the 
plane through OQ and OR. 

The tangent to one line of curvature at Q is parallel to 
OR, and consequently lies in the plane QOR which is diame- 
tral to OP^, 

Let OPy OP^y OP^ be three consecutive generating lines 
of the cone (3) ; OQ, OQ. the lines conjugate to the planes 
POP^y PfiP^ which are ultimately consecutive tangent planes 
to the cone (3). Then since OP^ lies in a plane which is dia- 
metral to OQ, and also in a plane diametral to OQ,, the 
plane QOQ^ is diametral to OP^ and therefore coincides with 
QOR, and the line joining QQ. is ultimately parallel to OR 
and therefore is the tangent line to one line of curvature 
which passes through Q, Hence one line of curvature through 
the point Q is the locus of the points at which tangent planes 
can be drawn to (1) parallel to the tangent planes to (3). 

Hence if Q be any point on an ellipsoid, and r, k the 
semi-axes of the central section which is parallel to the tan- 
gent plane at Q, the axis k is constant for all points on the 
line of curvature whose tangent at Q is parallel to r. But if 
p be the perpendicular on the tangent plane at Q, 

prk = abc Art. 75, equation (3), 

ctbc 
and therefore i^^ = "TT ~ constant. 

178. The equation of any tangent plane to (3) is 

y + my' + nz' = (4), 

where I, m, n are connected by the relation 

a" le' b' Jc' c' k* 
(See Chapter vm Ex. S*.) 
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and the equation of a tangent plane to (1) at the point 

x^ — " - ((5), 



XX y'y ^^ __'i 



a' 0' c 
Hence if (6) be parallel to (4) 



aH b^m (?n 



%^ > 



or from (5) 



a? 



:i + 



t_ 



:3 + 



^ 



a»_^ }?-^- (?-~ 



■4=0, 



and subtracting this from the equation 



we get 



or 



y 



a'-Ar" ■ V-M' ' c»-;fc* 



+ :t 



I, 



which shews that the lines of curvature on an ellipsoid are its 
curves of intersection with confocal surfaces. 



179. In the ellipsoid 


2z 
~ c" 


u=-3, v=f5, «^=-2> w=0, v=0, «;=0. 
or Ir c 


Hence the differential equation of the lines of curvature is 




1 dx X dx 
a*ds' a" ds 






\ dy y dy 
b^ds' b*' ds 


= 0, 

• 




\ dz z dz 
<^ds' c" ds 





dydz 



dzdx 



dxdy 



^'^^^^**-^')+y^57(«'-«')+^^^(«'-^')=o...(i). 



dsds 



dsds 



dsds 



ON CURVATURE OF SURFACES. 



217 



180. Taking the equation 



ar 



y 



a' + k V + h c' + k 



= 1 



(1). 



we have at the points where it meets the ellipsoid 

— k^. J. _ — 1 



(2). 



by subtraction 



Also by differentiating (1) and (3) we obtain 



X 



dx 



dz 



dy 

ds ^ ds ds n 



(4), 



x 



da; 
di 



^ ds 



dz 
'ds 



= 0. 



(6). 



a'{a' + k) ■•" y (h* + k) "'" c* (c" + Ic) 

And from (3), (4) and (5) eliminating ^-j-^ , ^^, j^ 
we obtain 



^ 


f 


e 




a" 


b" 


c* 




do! 
""ds' 


dy 

yj.' 


dz 
'ds 


= 


a; dx 


ydy 


z dz 




a" da' 


Vds' 


?'ds 





(6), 



which is the same as equation (1) of the last Article. 

Thus we obtain an independent proof of the fact that the 
lines of curvature on an ellipsoid coincide with its curves oC 
intersection with a series of couioceX QjOL«Afvs:&, 
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181. If we denote by l, m, n the direction-cosines of the 
tangent to either line of curvature at the point (a?, y, z) on the 
ellipsoid they must satisfy the equations 

-, + Xi + /*^ = (1), 

| + Xm + /.p = (2), 

J + \n + /t-, = (3), 

which are obtained from the equations (3), (4) and (5) of the 
last Article by the use of undetermined multipliers \ and fi. 

But if r be the central radius vector of the ellipsoid paral- 
lel to the tangent line considered, and p the perpendicular 
from the centre on the tangent plane to the ellipsoid at the 
point (x, y, z\ we have 

1 x^ f ^ 

p' a* 6* c ^ ' 

Also from the equation of the ellipsoid, by differentiation 

^ Ix my nz ,^. 

Differentiating (6), we have by means of (4) 

dl dm dn 
\ ^ ds ^^ ds ^ ds ^ ,^. 



r^ or 6* c' 

X 11 z 

Multiplying (1) by -, , (2) by ^ and (3) by -5 and adding 
we have 



1 /Ix my m\ 

p' '^ \a c ' 
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or using the result obtained by diflferentiating (5), 

Again, multiplying (1) by ^ » (2) by -^ , (3) by -£ and 
adding, we have by (7) and (4) since also Z* + m' + n' = 1, 



Thus we obtain 



_1 _^ ^-0 



Idp _ Idr 
pds" rds' 



.'. jt)r = constant. 

182. A few propositions must be added concerning a 
class of lines of great importance, namely geodesic lines. 
These may be defined as follows : 

A geodesic line on a surface is such that every small ele- 
ment PQ is the shortest line that can be drawn on the surface 
between P and Q, 

The general equation of geodesic lines on a surface 

can be obtained by the help of Meunier's Theorem. 

For if PQ be two points on a geodesic line, so near to one 
another that the arc between them may be considered as a 
plane curve, the length of PQ will be least when the curva- 
ture of the curve is least, or when the radius of curvature of 
the small arc PQ is greatest. But this will be the case when 
the section of the surface by a plane through the element 
PQ is a normal section. Hence the osculating plane at any 
point of the curve must contain tl[\^ TL0TCft»\.\i5i *0w^ «si;:^ss^'^ ^^s^ 
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that point. But the direction-cosines of that normal to the 
curve which lies in the osculating plane are proportional to 

d^x d^y d^z 
d?' d?' d?' 

and the direction-cosines of the normal to the surface are pro- 
portional to 

dF dF dF 
dx* dy* dz ' 

Hence for all points in a geodesic line 

cPa? d^y d^z 

d^ _d^ ^ds^ ,^ . 

dF^TF^dl ^ ^' 

dx dy dz 

These equations can be also deduced by the Calculus of 
Variations. (Todhunter's Int Calc, Art. 351.) 

183. The equations of the last Article can be applied to 
discover the forms of the geodesic lines on any surface. In 
the case of developable surfaces, this object can often be more 
simply eflfected by the consideration that when the surface is 
developed, the geodesic must become a straight line. Thus 
the geodesic lines on a right circular cylinder are easily seen 
to be helices. 

As an example in the case of a surface not developable, 
take the sphere 

a:'4-y« + ^ = a* .' (1). 

The differential equations of the geodesic lines become 

d^x d^y d^z 
ds^ ds^ ds* 
X y z ^ 

d^y ^z _ 

r, z -?- —y ^ = constant = c, (2). 

ds ^ ds ^ 
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Similarly, 

dz dx 
"ds-'d^-'* (3). 

dx dy ,.. 

Multiplying (2) by a?, (3) by y, (4) by z, and adding, we 
get 

Cia?+c^+ 03^ = (5), 

shewing that all geodesic lines are great circles. 

t 

184. As a second example take the ellipsoid 









1 (1). 



The diflferential equations of the geodesic lines become 

cf a? (g,y d^z 

X y z ' ^* 

^« F ^ 

Now let 'p be the perpendicular from the centre on the 
tangent plane to (1) at the point (a?, y, z\ and let r be the 
central radius of the ellipsoid drawn parallel to the tangent 
to the geodesic line at the point (a?, y, z^. 

I a? v^ z^ 

Then -a = -4+f4+-4, 

p* a c 

. _ l^dp_^d^ y^ «d£ 

*• p'd8''a'd8^b'd8^d'd8 ^"^^^ 

1 dr__ 1 dxd^x 1 dyd^y 1 d^cP-e: 
■"? d^ "a" d^^ "^ ft^'dFrf? ■^c''^^ d? 

^1 xdx y dy z dz\ , ... 

"■V5s"^j^&"*"c*dsr ^ ^' 

if A; be put for each of the ftactioxL-a m ^5^. 
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Now each of the fractions in (2) 

X d^ y (Py z d^z 

a? f z^ 
— ^ ^ -I 

which by equation (7) of Article 181 

1^ 

s? ^ ? r'' 

Hence from (3) and (4) 

Idp ^ 1 ^^ _ /> 

dp . dr ^ 

whence 

p' = constant (o). 

This property is the same as that proved for lines of cur- 
vature, but the two systems of lines do not coincide. 

Let p be the radius of absolute curvature of the geodesic 
at any point. Then ea^h of the fractions in (2) 



= + 




cur J \as •/ Vcfe'/ . p , p 



Hence ± - = — ^ , 

p r 



orp=±^ (6); 

/. p = fcr", Yrhete fc is acme constant 
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185. We shall conclude this subject with the following 
proposition, known as Dupin's Theorem. 

If there he three series of surfaces such ihat all the sur- 
faces of each series intersect those of the other series at right 
am,gleSy then the lines of intersection of the surfaces of different 
series are the lines of curvature on the surfaces. 

Let be the point of intersection of three surfaces, one of 
each system. Take as origin, and the tangent planes of 
the three surfaces as co-ordinate planes. Let 8^, S^, fifg be 
the surfaces touched by the planes of yz, zx, ocy, respectively, 
and let P, Q, B, be points near in the curves of intersection 
of S^ S^; Sj, S^; S^, fif,, respectively. Then since the surfaces 
S^j S^ cut at right angles, the normals at P to these surfaces 
are at right angles. Also since OP is ultimately a tangent 
line to both of them at P, the normals at P are both perpen- 
dicular to OP which is ultimately the axis of x. Let 0^, 0^ 
be the angles which the normals at P to fif^, fif,, respectively 
make with the planes of zx^ xy, respectively ; <^j, <f>^ those 
which the normals at Q to 8^, 8^ make with the planes of 
xy, yzy respectively, and yfr^, sfr^ those which the normals at 
R to /Sj, 8^ make with the planes of yz, zx, respectively. Let 
the lengths of OP, OQ, OR be a, ^, 7, respectively. 

Since the normal to 8^ lies in the tangent plane to 8^, the 
tangent of the angle which the normal to 8^ at makes with 

-Y- j , the suflSx denoting the surface from 

which the diflferential coefficient is obtained. Hence the tan- 
gent of the angle which the normal to 8^ at P makes with 
the plane of xy is 



(; 



dz\ d^/dz\ 

dyJs " dx [dyj^ 



But 



(i).=«' 



whence ^i~^'ir \t] ^^^^^^^^Vj • 
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Similarly. ^, = ^^(g); 



therefore 



dy 



Similarly, ^• = :^'; t.= |. 

But since the normals to S,, 8^ at P are at right angles, 

^.+ ^» = 0. 
Similarly, ^i + ^s == 0, ^j + -^j = 0, whence d^ = 0. 

Hence the normals to 8^ at and P both lie in the 
plane of xy and therefore intersect one another, and therefore 
OP is the tangent to the line of curvature on S^ at 0. 
Whence the theorem follows. 



EXAMPLES. CHAPTER XIII. 

1. Find the quadratic equation which gives the principal 
radii of curvature at any point of an ellipsoid. 

Deduce the position of the umbilici. 

2. Find the umbilici of the surfaces 

(1) ayyz = a', 



and find the value of the radius of curvature at the umbilicus 
in each case. 

3. Find the equation of the projection of the lines of 
curvature of the surface ocyz = a', oii tlo.^ i^lane of (cy. 
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4. Deduce the formulae for an umbilicus 

l+j>' _pq _ 1 + g^ ^ 

r 8 t 

first, from the consideration that the two principal radii of 
curvature are equal at an umbilicus ; secondly, from the con- 
sideration that the directions of the lines of curvature at an 
umbilicus are indeterminate. 

5. Find the condition that the two principal radii of cur- 
vature at any point of a surface may be equal in magnitude 
but opposite in sign. 

Find the points on the surface 

for which this is the case. 

6. Shew that if the origin be at an umbilicus and the 
normal at that point the axis ofz, the equation of an ellipsoid 
may be put into the form 

a^ + y^ + Icz(z''a) + byz + czx = 0. 

7. Any chord is drawn through an umbilicus of an ellip- 
soid, and its extremity is joined with the extremity of the 
normal at the umbilicus. Prove that the locus of the inter- 
section of the joining line with the plane through the umbili- 
cus perpendicular to the chord is a plane. 

8. Prove that the lines of curvature of the surface 

- + -^-u + 5 = 1 

a ax — b ax — c 

are circles, and that the plane of any one of them contains 
one of two fixed straight lines lying wholly on the surface. 

9. Shew that pr is constant for all lines of curvature 
which pass through the same umbilicus of an ellipsoid. 

10. Shew that pr has the same value for all ^eodfts^s. 
lines on an ellipsoid which toucYi \.\ie ^^TCk^XYCL^ ^^ ^xiXM^jiwsix^, 

A. a. ^^ 
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11. Z7and Fare two adjacent umbilici of an ellipsoid, 
P is any point on the surface which is joined by geodesic arcs 
with JJ and F. ShewJiat the lines of curvature which pass 
through P bisect the interior and exterior angles between 
PJ7 and PF. 

12. If a point P move on an ellipsoid so that the sum or 
difference of the geodesic arcs PUy PF joining it with two 
adjacent umbilici of the ellipsoid is constant, shew that the 
locus of P is a line of curvature. 

13. Shew that at every point of a geodesic circle round 
an umbilicus of an ellipsoid 

where a, 6, c are the semi-axes of the ellipsoid, r the central 
radius to the point, p the central perpendicular on the tan- 
gent plane, and d the semidiameter parallel to the tangent to 
the circle at that point. 

14. The normal at each point of a principal section of 
an ellipsoid is intersected by the normal at a consecutive 
point not on the principal section ; shew that the locus of the 
point of intersection is an ellipse having four real or imagi- 
nary contacts with the evolute of the principal section. 

15. From the differential equation of geodesic lines in- 
vestigate the nature of the geodesies on a right circular 
cylinder. 

16. Find the equations of the geodesic lines on a right 
circular cone; first, from the differential equations, and 
secondly from the consideration that when the cone is 
developed the geodesies become straight lines. 

17. Shew that the distance of any point of a geodesic 
traced on a surface of revolution from the axis varies inversely 
as the sine of the angle between the geodesic and the meri- 

dian of the surface which passes thiough that point. 
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18. Find expressions for the principal radii of curvature 
at any point of a surface of revolution round the axis of x. 

19. Prove that the product of the principal radii of cur- 
vature at any point of a prolate spheroid varies as the product 
of the squares of the distances of the point from the foci of 
the generating ellipse. 

20. Shew that the locus of the focus of an ellipse rolling 
along a straight line is a curve such that if it revolve about 
that line, the sum of the curvatures of aily two normal 
sections at right angles is the same at every point of the 
surface generated. 

21. If two surfaces cut each other at right angles, and -R 
be the radius of curvature of the curve of intersection at any 
point, /5j, p^ the radii of curvature of the normal sections of 
the two surfaces through the tangent line to the curve at 
that point, prove that 

22. If r, / be the principal radii of curvature at any 
point of an ellipsoid on the line of intersection with a concen- 

trie sphere, shew that the expression ^ — -, is invariable. 

23. If a geodesic line be drawn on a developable surface 
and cut any generating line of the surface at any angle -^ 
and at a distance t from the edge of regression measured 
along the generator, prove that 

dt 
^ + <cot^ = ^, 

where p is the radius of curvature of the edge of regression at 
the point where the generator touches it. 

24. Prove that if r be the distance of any point of a 
geodesic from the origin, p the radius of absolute curvature, 
and p the perpendicular from the origin on the tangent 
plane to the surface, 

^5>— ^ 
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26. The centres of curvature of plane sections of a sur- 
face at any point lie on the surface 

(j^ + f + ^(^ + t\^z{i>? + f). 

the axes being the tangents to the lines of curvature at 
that point and the normal, and p^, p, being the principal radii 
of curvature. 

If these sections touch a right cone of semi-vertical angle 
0, about the axis of z, the centres lie on the elliptic paraboloid 



^ + ^ = 
Pi Pi 



z sin' a. 



CHAPTER XIV. 



ON VECTORS AND QUATERNIONS. 



186. The student is familiar with the word radius 
vector employed in plane co-ordinate geometiy to denote the 
distance of any point from the origin. In this case the 
direction of the line is determined by another quantity 
called the vectorial angle. 

We shall now define the word vector as meaning the 
transference, or step, of a point from one position to another. 
A vector is determined when the direction and magnitude 
of this transference or step are both known. 

Thus if two straight lines AB and CD be equal and 
parallel, A and C being towards the same parts, the vector 
AB is equal to the vector CD. 

If a point move from A \jo B and then from J? to C, the 
resulting step is one from A to G. This may be expressed 
algebraically 

vector AB -f vector BG — vector AC ; 

or, if we agree to represent the vector AB by the symbol ABy 

AB + BC^AC (1). 

This result is true whatever be the directions of tl\A \xsss^ 
AB and BC. 
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193. Let three given vectors a, )8, 7 be connected with 
a fourth vector r by the relation 

r = a + w^ + V7 (4), 

where u and v are scalar quantities which may assume any 
values. 

The step r is effected by moving to the end of the vector 
a, and from that point moving over u unit steps parallel to 
the vector /3, and from the point now reached moving over 
V unit steps parallel to the third vector 7. It is geometri- 
cally evident that by changing u and v the extremity of the 
vector r may be made to lie at any point of a plane passing 
through the extremity of the vector a and parallel to the 
two vectors ^ and 7. 

Equation (4) may thus be considered the equaUon of this 
plane, u and v being the variables. 

194. If be any fixed point, and the vectors OA, OB 
be represented by a and fi, the vector AB will be represented 
by )8 - a. For {Art 186, (1)} 

OA+AB^OB, 
or AB = OB-OA 

Hence if C7 be any point in the straight line AB, such 
that the length of -4(7= ia x length of AB, 

OC=OA + u.AB, 

or 7 = a + w (/8 — a), 

7 denoting the vector 00. 

This equation may be written 

7 + a(w-l)-w^ = 0, 
or pQL + qfi-\-ry = (5), 

where JO, g, r are any numbers in the same ratios as w — 1, 

"U, I. 



ON VECTORS AND QUATERNIONS. 233 

The only condition which p, q, r need satisfy independent 
of t^ is 

p + q + r = Q (6). 

Hence if (6) be satisfied and a, P, y represent any three 
conterminous vectors, the other extremities of these vectors 
will lie in a straight line. 

195. Again, let four conterminous vectors OA, OB, 00, 
OD represented by a, ^, 7, i, be such that the points A, B, 
0, D all lie in one plane. 

Then in equation (4) of Article 193 we may replace /3 
by /8 — a, 7 by 7 — a and r by S. We thus obtain 

B = a + u(J3 — a) + v(y — a) 

or a(l'-'U — v)+ul3 + vy—S = 0, 

which may be written as 

pa+q/a + ry-i-sS^O (7), 

provided p, q, r, s satisfy the relations 



p^ ? _^_ 



s 



1 —u—v u V —1 * 

The only restriction on the values oi p, q, r, s is that they 
satisfy the relation 

p-\-q + r + s = (8). 

If this condition be satisfied the outer extremities of any 
four conterminous vectors a, fi, 7, B connected by the relation 
(7) must lie in a plane. 

196. As an instance of the use of some of the preceding 
theorems we may take the following proof of a well-known 
elementary theorem. 

Let ABO be any triangle, A\ B\ C the middle points of 
the sides BO, OA, AB respectively. Then with the notation 
of Articles 186 — 189 we have 

BA' = AV=^BO, 

Cff=B'A = i^OA, 

AO'=CB^iAB, 

AA'=AB + BA', BB^BG^GB, CC'=CA^A.C. 
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Hence 

^(AB + BC-^CA) + ^(BG+CA+AB) 
= 0. {Art. 188 (3).} 

Hence AA\ BB\ C(J are steps such that, if taken in 
succession, the point returns to its original position, that is, 
a triangle can be formed whose sides are equal and parallel 
to AA\ BB, GG. 

197. A vector OA may be changed into another vector 
OB in the same direction by a process of multiplication* 
Thus if a represent the unit vector in this direction and a?2, 
yoL represent the two vectors 0-4, 0B\ OA becomes OB by 

the process of multiplication by the fraction - . 

If the vectors OA and OB be not in the same direction 
no arithmetical multiplication will convert one into the other. 

Geometrically the conversion can be eflfected by two 
processes; first a rotation of the vector OA in the plane 
containing both vectors into the direction of 0J5, and secondly 
an extension or contraction of OA until its length becomes 
the same as that of OB. The latter is a process of arith- 
metical multiplication, and it is convenient to use the alge- 
braical notation for multiplication to denote the whole of the 
process so that if a and ^ denote the two vectors OA and 
OB, we write 

q.OA = OB (1) 

q denoting the combined operation of rotation and extension. 

198. The quantity, or more strictly speaking the entity, 
q, is called a quaternion. By analogy with algebraical 
phraseology since q is an entity which when multiplied into 
OA gives OB, q may be said to be the quotient of OB by 

OA, and may be represented by the symbol jjj* 

The equation (1) may be thus replaced by the equation 

«=(M (2)- 
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It is important to notice that, while the equation 

^.OA^OB 
OA 

has a meaning, and with that meaning is true, the equation 

OA.^^OB 
OA 

has no meaning at present and is not therefore in any sense 
true. 

199. If the two vectors OA and OB be of equal length 
the change of one into the other is merely an operation of 
rotation. In this case the quaternion is called a versor. 

Since the operation denoted by a quaternion consists of 
two parts, one of rotating OA into the position of OB and 
the other of extending OA into the length OB, a quaternion 
may be properly represented as the product of two factors, 
one the versor of the quaternion and the other a scalar factor 
which is called the tensor of the quaternion. 

Thus if q denote any quaternion, and its versor and tensor 
respectively be denoted by the symbols Uq and Tq we have 

q=Tq. Uq=Uq.Tq (3), 

since the order of the operations is clearly a matter of in- 
difference. 

200. The most important class of quaternions is that in 
which the angle between the two vectors is a right angle. 
In this case the quaternion is called a right quaternion and 
the corresponding versor a right versor, 

201. A right quaternion can be properly represented by 
a vector. For a right versor is completely determined if the 
plane in which the rotation takes place and the direction of 
the rotation in that plane be known. A right quaternion 
requires the additional element of the tensor. 

The plane and direction of rotation are completely de- 
termined by a vector drawn perpendicular to that plane so 
that the rotation round this vector should be in the direction 
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of the hands of a clock. Thus the vector will be drawn on 
one side or the other of the plane according to whether the 
rotation be clockwise or counterclockwise, or, as we may more 
mathematically phrase it, be positive or negative. A unit 
vector will thus completely represent a right versor and a 
vector of length represented by the tensor will represent any 
right quaternion. 

202. Any quaternion whatever can be represented by 
the sum of a scalar quantity and a vector. 

For let OA be the vector which when multiplied by the 
quaternion q becomes OB. Draw OC in the plane A OB 




perpendicular to 0-4, and BC parallel to OA to meet OC 
mC. 

Then {Art. 197, (1)} 

q.OA = OB 

= OC-\-GB. 

But the operation required to be performed on OA to 
produce OG is a right quaternion, and that required to change 
OA into GB is a scalar multiplication. Hence, if these 
multiples be denoted by Vq and Sq respectively, we have 

q.OA = Vq.OA+Sq.OA, 

or q = Sq-\-Vq (4). 

But Vq may be represented by a vector, whence the pro- 
position follows. 

203. We have seen that if i, j, k represent unit vectors 
in the directions of three co-ordinate axes, any other vector 
can be represented by the expression 
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where a?, y, z are scalar quantities. Hence any quaternion 
can be represented by the expression 

w + a?i + yj + zk (5), 

where u, a, y, z are scalar. 

Thus a quaternion in its most general expression consists 
of four terms. 

204. The vectors i, J, k represent right versors, the 
directions of rotation being in the planes of yz from y to z, 
of zx from z to X, and of icy from x to y. (See figure of 
Article 3.) 

Thus i* must mean a rotation of the vector on which i 
operates in the plane yz, twice through a right angle. The 
effect of this rotation is to reverse the direction of the operand 
vector, or to multiply it by — 1. 

Hence i* = — 1. 

A similar proof applies to any right versor, and we there- 
fore have 

i'=/=F=-i (1). 

Again, the product i,j denotes the effect of rotating a 
vector Oy round Ox through a right angle. This brings it 
into the position 0^. Hence 

i .j = k. 

The product j . i on the other hand denotes the result of 
rotating the vector Ox round Oy into the position Oz\ 

Hence j.i = — k = — i,j (2). 

Thus the commutative law does not hold good in the 
multiplication of two vectors. 

In a similar way we can obtain the relations 

ik = ''j = '-ki (3), 

kj=^-i = -jk (4). 

All these results are combined in the one statement 

i»=/ = fc'=ijlc = -\ ^^% 
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205. The product of two unit vectors which are at right 
angles can, as shown in the last article, be represented by 
a unit vector perpendicular to each of them. The product 
of any two mutually perpendicular vectors can similarly be 
represented by a vector perpendicular to each of them whose 
length — or tensor — is the product of the lengths of the two 
given vectors. The product of two vectors not mutually 
perpendicular is not a vector but may be represented as a 
quaternion. 

Let the two vectors a and ^ be represented, as in Article 
190, by oci + yj-^- zk and x'i + yj + z'k respectively. 

Then a . ^ = (a^* + yj 4- zk) . (afi + y'j -^ z'k). 

Assuming that the operation of multiplication by a vector 
is distributive both as regards the operator and operand, this 
gives 

a^S = xa/i^ + ooyij + xz'ik + yx'ji + yy'f + yz'jk 

+ zx'hi + zy'kj + zsf¥, 

which by means of the relations of the last article becomes 
a . /8 = - {xx' + yy + zz') 

4- {yz' — yz) i + (zx' — zx)j + {xy' — x'y) k (1). 

Thus the product of two vectors assumes the quaternion 
form of Article 203. 

If the two original vectors be parallel it follows from 
Article 191 that 

^ = ^, = ^, (2). 

X y z ^ ' 

In this case OL^^ — i^xx •\-yy •\-zz), which, by an easy 
algebraical transformation, taking account of (2), reduces to 

= -Toi.W (3). (Art 191.) 

Thus the product of two parallel vectors is a negative 
scalar, the product of the tensors of the vectors. 

If a and ^ be identical this reduces to 

a* = -(,Taf.. (4). ' 
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From this we deduce 

1 _ g ,e.N 

a" {TaY ^^' 

or the reciprocal of a vector may be regarded as a vector in 
the opposite direction to the original one, its length being 
that of the original one divided by the square of its tensor. 

If the two vectors be perpendicular we have by Article 
191, XX •\-yy •\-zsi = ^, Hence in this case the product a/8 
reduces to a vector. 

206. With the notation of (4) of Article 202, it follows 
that 

y (afi) = (y/ — y'z) i + {zx' — z'x)j + (xy" — x'y) k. 

By working out the value of /Sa in a manner similar to 
that of the last Article it is easily seen that 

S {fi. a) = SicL.fi), 

Vifi.a) F(a./3). 

Thus, since fia = 8 (jSa) + V (/3a), 
and a/8 = 8 (afi) + F(a/S), 

it easily follows that 

flf(/?a) = <Sf(a/8) = ?^" (1), 

F(a/9) = -F03a)=?^^ (2); 

results of considerable importance in the theory of quaternions. 

207. There is a close relation between the quaternion q, 

o 

which represents the quotient — , and that which represents 
the product fia. 

Assuming the expressions for a and fi of Article 205, let 

u+pi + qj + rk represent the quotient — . Then (Articles 

198, 199) it follows that 

{u -^-pi + qj + rk) (aji -\- j/j -V zlc^ = »'% -Vy *i -V ^^^ 
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Multiplying out the two factors on the left-hand side and 
attending to the laws of Article 204, we have, since the ex- 
pressions on the two sides represent identical vectors, 

px^-qy + rz =0 (1), 

ux + qz —ry = x (2), 

uy^rTx — 'pz — y' (3), 

uz-^py — qx^sf • W* 

From (2), (3) and (4) we easily obtain 

px -{-qy' + rz' = (5). 

The geometrical interpretation of (1) and (5) is that the 
vector part of the quaternion q is perpendicular to each of 
the vectors a and /8, a result agreeing with that of Article 
202. 

From (1) and (5) we obtain 

P , =__£_ = _JL_ (6V 

yz' — yz zx' — zx xy'-^x'y ^ ^^ 

Q 

which shows that the vector part of - is parallel to the vector 

part of ^ . a (Art. 205). 

Multiplying (3) by x and (2) by y, and subtracting, we 
obtain 

r (a?* + y*) - {px •\'qy)z=^xy''- xy, 

or r (a?* + y* + 2^ = fljy' — dy, by (1). 

Hence each of the fractions in (6) is equal to —^ — -^ — -^ . 

air + y + * 

Again, multiplying (2) by x, (3) by y, and (4) by z^ and 
adding, we obtain 

w (aj* 4- y" + ^*) = xod + yy' 4- zz\ 
On the whole, then, a or — becomes 
[oaod + yy' + zz'^ + (y/ — y'z) i + {zod — s!x)2 + {pinf — a?'y) h 
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Comparing this result with (1) in Article 205, we have 
with the notation of Articles 189 and 202, 

/^N _ _ S(0a) 
•^ [aj - [T («)}• • 

§ 

208. The mnltiplication of a vector a by a second vector 
j3 at right angles to it, means that the first vector is rotated 
through a right angle round the second, and then suitably 
extended or contracted. 

The product fia, when a and fi are not mutually perpendi- 
cular, can be only interpreted geometrically by supposing it to 
represent a compound operation on some third vector suitably 
assumed. Thus the product ij in Article 204 may be regarded 
as denoting a double operation to be performed on a third vec- 
tor, which must first be in the plane zx, and after being rotated 
positively through a right angle must lie in the plane yz. 
Referring to the figure of Article 3 this vector must evidently 
be either Ox or Ox. If we take the former and perform in 
succession the two operations j and i it will pass successively' 
into the positions 0/ and Oy: on the whole it will have 
passed from Ox to Oy, that is, the operation denoted by k 
will have been performed upon it. With this interpretation 
of the product of the two vectors, we have, as before, 

ij = k. 

209. It is evident that, in the general case, the inter- 
mediate position of the operand vector must be perpendicular 
to both a and /8. 

Thus in the figure of Article 45 if Oz and 0/ represent' 
the vector a and ^ respectively and the angles <f>y yjr be eacb 
a right angle, the operation /Sa performed on the vector Ox 
will turn it from the position Ox to Ox^y and then from Ox^ 
to Ox' ; or on the whole turn it from Ox to Ox' and multiply 
its length by the product of the tensors of a and ^. 

This operation is equivalent to that eflfected by muliv^^- 
cation by a quaternion. Tbe coimac\i\OTi \i^\r^^^^ ''^^ ^^saa^^ 

A. a. ^^ 
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of this quaternion and that of the original vectors can be 
investigated either by Spherical Trigonometry or the formulae 
of Analytical Geometry. 

210. The multiplication of a vector by a quaternion 
whose plane contains the vector can be geometrically re- 
presented by a rotation of that vector through some angle 
in that plane, combined with a suitable extension or con- 
traction. 

The interpretation of the product of a quaternion into a 
vector not lying in its own plane can only be made by assum- 
ing the vector to represent a right quaternion, and that the 
product represents a compound operation to be performed on 
some suitably chosen operand vector. 

The product of two quaternions in general can be similarly 
interpreted geometrically, 

211. If there be three vectors a, yS, 7, the scalar part of 
their product, or S(a^y) has an important geometrical in- 
terpretation. 

Let the vectors be denoted by od + yj + zk, x'i + y'j + zk, 
x''i -r y"j + z'k respectively. 

Then we have 

afi^ = {ad + yj + zk) {xi + y'j + zk) {x''i + y'j + z"k). 

The terms in the product will be of one of the three type 
forms ai^, ai^jy aijk where a is some scalar. Terms of the 
first two types will, by Article 204, reduce to a vector form ; 
the scalar part of a^Sy will be entirely deducible from the 
third type. 

The' first term of this type is xy'z"ijk or ^xy'z\ the others 
can be deduced from this by interchanges of the letters xyz 
combined with corresponding interchanges of i, j, k. By 
Article 204 it follows that any interchange of two of these 
latter changes the sign of the product. Hence the whole 
assemblage of these terms or 8{oil3y) will be properly re- 
presented by the determinant 



x 


y 


z 


x' 


f 

y 


z' 


as" 


i' 


It 

z 



ON VECTORS AND QUATERNIONS, 243 

From the theory of determinants it easily follows that 

8(a^y) ^S{l3ya) = 8{yafi) = - /S (a<y/9) =- S{y^a) = - 8(^ay), 

and from the formula (3) of Article 32, the numerical value 
of each of these is six times the volume of the tetrahedron of 
which the three vectors a, /8, 7 are conterminous edges, 

212. Again, since 
ajSy = {xi -f yj + zk) {xi + yj + zk) {x"i + y"j + z'k) 

= {xi + yj + «^) { — {xx" + y'y" + zz") + {y'z' — y'^z') i 
+ {2fx" - « V) j + (^y ' - xy') k] (Art. 205), 

the vector part of a^y, or V{afiy), will consist of two portions, 
the first of which may be denoted as aS(fiy)j and the second 
is the vector part of 

(xi + yj + zk) {(y'z" - y''z) i + {z'x" - z'x')j + (xY - xy) k], 

which may be written F{a . V(^y)}. 

Working out this product in accordance with the rules of 
Article 204, the coefficient of i in the vector part becomes 

xy --X yj — z^zx —zx), 
which = X {xx" + yy"^ + zz") — x' [xx' + yy' -{■ zz') 

= - x8 {ay) + x"S (a/9). (Art. 205.) 

Hence on the whole 

F{aF(/97)l {^'i + 26' + ^'*) S [ay) + {x'% + y'j + z"k) 8 (ct/3) 

= - /9/8f (a7) + y8 (a/3). 

Thus finally 

r{a^y)^a8(^y)-p8{ay)+yS(a^) (1), 

and therefore 

a/37 = £f (a/37) +F (a/37) 

^8(aPy)-]-a8(fiy)^fi8{ay)+yS{a/3) (2). 

The product of three vectors is thus expressed as a qua- 
ternion. 

It may be noticed that the necessary condition that the 
product of three vectors may be a vector, is that 

8 {a^i) = 0, 
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From this it follows that the volume of the tetrahedron of 
which the vectors a, ^, 7 are three conterminous edges must 
vanish, or the three vectors must lie in one plane. 

213. From Article 205 it follows that if two vectors a 
and 13 he parallel 

F(a/3) = (1); 

while if they be perpendicular 

S(a^) = (2). 

Hence if /> be a variable vector and a a fixed vector, and 
the condition 

^Ow) = (3) 

be satisfied, the extremity of the vector p must lie somewhere 
in a plane through the origin perpendicular to the vector a. 
The equation (3) may therefore be regarded as the equation 
of this plane. 

214. The equation 

S(p-fi)ci = (4) 

indicates that the vector p — )8 is perpendicular to the vector 
a. But p — ^ is the vector which joins the extremities of the 
vectors p and y8. Hence if these points be called P and B, 
and OA be the vector a, the equation denotes that BP is 
perpendicular to OA. Hence, if a and ;8 be fixed vectors 
and p a variable one, (4) is the equation of a plane through B 
perpendicular to OA. 

215. To find the equation of a plane passing through 
three given points. 

Let the three given points A, B, C be determined by the 
vectors a, y8, 7 and let p be the vector to any point P of the 
plane. Then the vectors AP, BP, CP are represented by 
p — a,p — l3,p — y (Art. 186), and these are co-planar vectors. 
Hence (Art. 212) 

fif {(/) — a) (/) — )S) (/> — 7)} =0 (5). 

This may. be regarded as the equation of the plane re- 
quired, but it can be reduced into a simpler form. 
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If the multiplications indicated be performed we obtain 
eight terms, of which four, namely, those which contain three 
or two factors p, are the product of co-planar vectors. These 
all vanish by Article 212, and we have left 

8 (pffy-^-apy-hafip) - fif (a/37) = 0> 
or as we may write it by Article 211, 

8p {fiy + 7a + a/3) - 5 (a/37). 

But since ^y^S (fiy) + V (^87) 

Sppy^8{pS^y)+8{pV^y) 

= ^(pF/37), 
since pSiSy is a vector. 

Hence this equation may be written 

8 [p (F/37+ F7a+ Fa/8)} - fifa/87 = (6). 

Let the vector F/Sy + Fya + Fa/S be denoted by S. 
Then fifaS = 8 {a (F/Sy + Vf% + Fa/3)} 
= 8 ia^i) + 8 (070) + 8 ipafi) 

since the other two terms vanish. (Art. 212.) 

Hence (6) can be written 

8pS = 82S, or 8(j)-a)S^0. 

Comparing this with (4) of Article 214 we see that S, or 
V(^y)+ l^(7a)+ F(a/S), is a vector perpendicular to the 
plane ABC. 

216. The equation of a straight line coinciding in direc- 
tion with a given vector a can be written eua p = uoL where 
t^ is a variable scalar. 

Hence the equation of the straight line through the origin 
perpendicular to the plane (6) can be written 

P = mS (7). 

Hence, at the point where (6) and (7) meet, we have 
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But (Art. 205) wS" is entirely a scalar. Hence this gives 

vZ'^8 (a/S7), 
and dividing these equals by S we obtain 

which gives the value of the perpendicular on (6) from the 
origin in direction and magnitude. 

217. The equation 

Tp=^Ta (1) 

signifies that the absolute length of the variable vector p is 
equal to that of a. Hence (1) may be regarded as the equa- 
tion of a sphere whose centre is the origin and radius is T{a). 

The equation gives, by (4) of Article 205, 

p = ot . 
Now (p — a) (/) -I- a) = /)' — a" + />a — ap 

= p' - a* + 2 Fpx {Art. 206 (2).} 
Hence /S (/> — a) (/> + a) = 0, if /> satisfy (1). 

Thus the two vectors /> — a and p-ha are mutually perpen- 
dicular: but these are the vectors which join the extremities of 
the diameter in the direction of a with the variable extremity 
of p. We thus obtain the well-known geometrical property, 
that the straight lines joining any point of a sphere with the 
extremities of a diameter are at right angles. 

218. The space at our disposal will not allow further 
discussion of this subject or of its applications. It is hoped 
that this slight sketch of the alphabet of quaternions may 
enable students to understand some references to it which 
they may meet with in their reading, and possibly incite 
them to study works specially devoted to it. Among these 
may be mentioned Tait's Elementary Treatise on Quaternions, 

Houers Thdorie EUmentaire des Quantitis Complexes, 4°^ 
Partie, and, chief of all, that stupendous monument of the 

powers of the human intellect, Hamilton's Elements of Qtuz- 

temions. 



ANSWERS TO THE EXAMPLES. 



CHAPTER I. 



1. ^/3, 2 ^3 and 73. 

2. The length of each side is J 6. 

« 1 _2_ _3 A 2 3 6 26 

'' 7TI' ^n' ^ii' *• V V r Vju' 

K OAO C ^ ^AA^ ^ ^A^ 

5. 900. Q^ ^^ r^'^^^r 2' r ^' 2- 



7. 



a 6 c ^ 
3' 3' 3^ 



8. ^^..(«-a)-.(o-|y.(j-iy.fi±i'=i.^. 

9. If r^, tfj, <^j, r^, ^g, <^g be the polar co-ordinates of the 
points, the (dist.)' between them by Arts. (6) and (15) 

= (r J sin tf J cos <^j - r, sin 6^ cos ^g)* 

+ (r^ sin ^1 sin <^, - r^, sin 0^ sin ^^j,)' + (r^ cos 0^ - r^ cos O^Y 

= rj' (sin® tf J cos' <^, + sin* ^^ sin' <^j + cos' ^J 
+ r,' (sin' ^g cos' <l>^ + sin' ^^ sin' KJi^ + cos' tf ,) 
- 2r^r^ {sin ^^ sin ^^ (cos <^i cos <^g + sin <^j sin <^g) 

+ cos tfj cos SJ 

= r' + r/ - 2rjr, {cos 6^ cos 5^ + sin tf , sin ^j, cos (<^j - ^^J}. 



TT IT 



10. r=4, « = g, <A=g. 

11. x=l, y=JJ, » = 2j3. 
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CHAPTER IL 

4. x + y + z=6; 2jl. 5. « = | = |. 

6. aj-.l=-^^=2;~3. 

373 

7. Let (a, P, y) ; (a , )8', y), be the two points, be + my + W£r=/? 
the given plane. Then the required plane can have its eqiiatiou 
in the form 

A(x-a)^B(y-p)^C{z^y)^0, 
and A, B^ C must satisfy the two conditions 

.l(a'-a)+J5()8'-)8) + a(y-y) = 0, Al + Bm^Gn^O, 
whence 

A : B : C :: m(y -y)-»i(^'-j3) : 7i(a'-&) -Z(y'-y) 

•^(iS'-i3)-/7l(a'-a). 

8. 2J = 3, 0? + y = 3. 

9. Let ^ (a3-2) + J5 (2/-3)+C(«-4) = represent the 
plane required ; 

.-. ^(l-2) + J5(2-3) + (7(3-4) = 0, or A+B+C = 0, 

A.JS + B-^C. 2^3 = 0, 
whence A : B : C :: 2jS'-l :-j3: 1-^/3, 
and the plane becomes 

(2V3-l)(a;-2)-V3(y-3) + (l-^)(»-4)=0. 

■ 10. Let I, m, n; l\ m', n be the direction- cosines of the 
given lines ; A, /x, v those of the required one ; 

.". Ai + ftm + vw = 0, X^' + fi/Ti' + v7i' = cos (x. 

The latter equation gives 

(A/ + yxwi + vn)* = .OotJ? a (X? -V ji." + v'^^ 
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which combined with the former will give two values of the 

ratios X : ft : v, as in Art. 57. For the latter part put cos a = — r^ 

and find the value of W + fi^fi^ + v^v^ ; reraerabeiing that as 
ir + raw! .+ nnl vanishes this will also be found to Tahish. 

. 11. Let (a, )8, y) be the given point, l^m^n\ T, m', n' the 
direction-cosines of the perpendiculars on the two planes. The 
required plane is 

{mv^ -m'n) {x- a) + (nl' - n'l) {y- P) + {Im'-l'm) (a;-a) = 0. 

(See Art 30.) 

12. The proof of Art. 19 holds when the axes are not 
rectangular if l, m, n mean the cosines of the angles between 
OD and the axes. 

13. Draw the oblique co-ordinates of the point D, and pro- 
ject OD on the axes in succession. 

- . l-\-m cos v + n cos u m-¥n cos X + Z cos v 

14. —^ = 5 

_ n + ^cos ft 4- m cos X 

c • 

15. The condition is 

(a, - a)' + (y - ^)' + (« - y)' = (a; - a')' + (y - ^)' + (« - y')', 

which reduces to 

(a'-a){.-"-±^} + (^-^){y-^} + (y'-y).{.-m'} = 0. 

16. (1) A series of planes parallel to that of yz ; ior/(x) = 
gives a series of equations x = a^, x = a^, &c. (2) A series of 
spheres with the origin as centre. (3) A series of right circular 
cones with Oz as axis. (4) A series of planes passing through 
the line Oz. 

17. (1) The axis of z. (2) A straight line OP through 
inclined at an angle a to Oz, and such that the plane zOP makes 
an angle fi with zOx, (3) A circle whose radius is a in the 
plane of zx and with its centre at the origin. 

D IT 

18. ^cos6sintf + J5sin6sin tf + (7costf = — • V^- -- 
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20. Let ?j, Wj, Tij ; Z^, m,, n^ ; Zg, m^, n^ ; be the direction* 
cosines of the normals to the three planes. Then the equation 
of any plane through the line of intersection of the first and 
second is 

where X is a constant, and if this is perpendicular to the third, 

or cos B + X cos -4=0. 

Also if the plane passes through the origin p, + Xp^ = ; 

.*. j?i cos A =p^ cos B, 
and the plane becomes 

(l^x + mj/ + n^z) cos A - {l^x + mj/ + n^z) cos J5 = 0. 

If in addition p^ cos B = p^ cos (7, the other two planes will 
have equations of a similar form and all three planes will inter- 
sect in one straight line through the origin. 

21. Let Ix-^my + nz^p be the equation of one of the 
planes ; 

.'. from the data t + — + - = 0, or ^ + — + - = (1), 

i m n L m n ^ ' 

andZ(a'"a) + m(6'-6) + 7i(c'-c) = (2); 

.-. substituting for n out of the second in the first 

1 1 c'-c 

l^7n l{a-a) + m{b'-b) ' 
.-. P (a'- a) + Flm + m« {b' - 5) = 0, 

which gives ttoo values of — , and corresponding to each of these 



m 

n ^« I, L 



from (2) we can eet one value of — . If -^ , -^ be these two 



m m, m. 



values, — ' * = —. — . Similarly —^—^- = — — , 
m^m^ a —a m^m^ c —c 

Hence if the lines be at right angles 

h'-h V-h ^ 111^ 

.'• I +— — + -7 — = 0; /.-I — +Y7 — 7+ -7 — = 0. 
a —a c-c a -a b— o c-c 
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22 - 



-^ . This and Example 23 are to be solved as the last 
example. 

23. P(^ + (7')4-e(C" + ii') + jB(X« + J5') = 0. 

24. The co-ordinates of the middle points of the lines joining 
1, 2 and 3, 4 are, Art. (7), 

and K^""®)* \(c'\-d — a'-'h\ \(d—h\ 

whence the result follows. 

25. The co-ordinates of any point on one of the lines may be 
represented by a + ^^, 5 + m<, c-^nt; and those of any point on 
the other by a^ + l't', h' -^m't'y c' -^-n't'. The square of the dis- 
tance between these points is 

The condiuons that this may be a minimum by the variation 
of t and t' are 

and 

which shew that the line joining the two points is perpendicular 
to both the given lines. 

26. By the solution of the last question, 

?(a-a) + m(/J^j3') + w(y-y ) + <-«' cos ^ = 0, 
r(a-a')+m'()8-)8') + 7i'(y-y') + <costf-.^ = 0, 
whence t' sin' 6 = u' -^ucos 6, 

27. Taking a?,, ^j, «„ &c. as the co-ordinates of the angles of 
the tetrahedron it is easily shewn that the co-ordinates of the 
middle point of the line joining the middle points of two 
opposite edges are 

^(aji + aja + ajg + ajj, &a 

28. By the help of a figure and the last question it is easily 
seen that the two lines x, y are the diagonals of a parallelogram 
whose sides are ^a and ^a and a> is the angle between the dia- 
gonals, whence by Trigonometry th© Te>«viX\» io^orw^ 



252 ANSWERS TO THE EXAMPLES. 

c ■ 

29. — = if c is the edge of the cube. 

n/2 

30. ^ JhV + ifa' + a'b'. 

31. The ec^iiations of the planes are 

Ix + my + nz=p, mx + ny + lz = j9, nx + ly + mz =p ; 

P 



,\ x — y = z = 



l + m + n' 



32. Any point on the given line can have its co-ordinates 
expressed by a — It, b-mty c-nt; the value of < is obtained 
from the condition of perpendicularity. 

33. Take the shortest distance between the lines as axis 
of z, its middle point as origin, and the plane of zx to bisect 
the angle between the lines. 



CHAPTER III. 

1. 'r^ + r(A sin 6 coa <l> -^ JB sia sin d^ + C cos 5) + i> = 0. 
This equation gives two values of r the product of which is D, 

2. The polar equation of any plane is 

-4 sin ^ cos d} + B BiD.6 sia d> + C ooa = ~ , 

Hence if this be the equation of the locus of P, since OP = jj^ , 

the equation of the locus of Q is 

Br 

A sin B cos ^ + j5 sin tf sin ^ + C cos <9 = -rs" , 

which is the polar equation of a sphere. 

3. If the locus of P be 

r* + r (-4 sin ^ cos «^ + P sin ^ sin <^ + C cos 5) + 2) = 0, 

that of Q is 

A;* + A; V (-4 sin 5 cos «^ + J5 sin tf sin <^ + C cos 6) + Br^ = 0, 

which is another sphere. 
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4. The plane in question is 



^ + 2/2/' + ^^ = aj'* + 2/'* + »" = c% 



also where it meets the sphere jc* + y* + «* = c*, 
whence a;* + ^ + «• - 2 (axe' + yy' + »»') + a;'* + y'* + »'* = 0, 

or (a;-a0' + (y-3^0' + («-«T = O; 

.-. « = «', y = y\ z = z', 

5. Take ^ as origin and AB (= a) as axis of a?, the equation 
of the locus is 

05" + y* + »* = m' {(a; - a)' + y + 2'}, 
which reduces to the equation of a sphere. 

6. With the same axes as in the last question the two lines 
whose direction-cosines are proportional to a;, y, z and x^Gy y, z 
must be at right angles. Hence x {x — a) + y' + z' = Oy a sphere, 
on ^j^ as diameter. 

7. Take for the equations of the fixed straight lines those 
given in Ex. 33, Chap, 11. The equations of the two planes can 
then be written y — nix + A (2 — c) = and y + mx + fi(z + c) = 
where X and /x are constants. The condition of perpendicularity 
gives 1 — m' 4- X/x = and by substituting for X and fi out of the 
first two in the third we get (1 — m') (z* - c*) + y' - mW = as 
the locus. 

8. If aS'=0, iS^' = be the equations of two spheres in their 
simplest form, the equation *S" — aS'= is easily seen to be a plane 
perpendicular to the line joining their centres, which must cut 
each sphere in a circle. 

9. The equations of the spheres can be written 

where k, k^, W are constants and r changes. The first and second 
intersect on the sphere r - -77 = 0> whence the rest will follow. 

10 and 11. These follow easily from (8). 

12. The six centres of the spheres must lie at the angular 
points of a regular octahedron the edge oi '^^k^^^ "^^ "^^ '^^^^^^'^^^^^ 
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13. Take the three planes as co-ordinate planes, and let 
I, m, n he the direction-cosines of the straight line, x, y, z the 
co-ordinates of the point. Then by projecting on the axes in 
succession x=la, y = rriby z = nc; 

^ y" ^ ^ 
a 6* c 



14. We have 



cos a sin a ' 



and ^=^2L = ^=0'P'. 

COS a sin a 

if x\ y\ z' are the co-ordinates of P and x'% y'\ «" those of -P. 
Also if (a, y, 2) be any point in FF 

x^x' y — y' z — z* 



aj—a; y —y z —z 

between these equations and OP . O'P' = c" we have to eliminate 
x\ y\ z\ ^', y\ z'\ OP, O'F. 

15. Take the line round which the line revolves as axis of z 
and the point where the shortest distance between the lines meets 
it as origin, and let c be the length of this shortest distance and 
6 the angle it makes with Ox, Let also a be the angle between 
the fixed and revolving lines. The equations of the revolving 
line are 

x — c cos 6 y — c sin z , m » • a 

= = = , where r + m* = sin* a, 

L m cos a 

X 'U % 

and since this is perpendicular to the line ^ = — f— ^ = ^r , we 

c cos x) c sin t/ U 

have Zcos^ + msintf = 0, whence eliminating Z, m, and tf we get 

05* + ^ = C' -I- =— . 

^ cos a 

16. wV + (w'-l)(2/' + ;»*) = c'. 

17. Let 3^ + «" = ic" tan* a be the right cone. Then the equa- 
tion reguired is 
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CHAPTER IV. 



/« . *.'« 



1. 2x/3, 0, -x/2. 2. x""^-^ 

3. Take x = y = z and any two straight lines perpendicular 
to it as axes : the axes in the last question will do. 

4. From the last two of the second set of relations the ratios 
of l^y l^, l^ can be deduced, and their absolute values from the 
first, with the help of the other three. 

5. 3, 3, - 3, use Art. 51, 

6. The proof is exactly similar to Art. 50 with the excep- 
tion that 

05" + y' + «' + 2yz cos X + 2zx cos ft + 2xy cos v 
is transformed into x'^ + y" + «". 

7. Transform so as to take the line x = y = z as axis of x 
and any two lines perpendicular to it and each other as axes 
of y and /s; : as in Examples 1 and 2, 



CHAPTER V. 

1. The direction-cosines of the generating lines through any 
point (a, P, y) are given by 

I' m' n' .. la mP ^7 _ a 

^ ~^ "^ ~ ' ^ T^ ZJ ~ 

cb a c a a c 

The condition that these shall be at right angles is obtained as 
in Examples 21 — 23, Chapter ii., and gives by the help of the 

relation — 5-^ — -4 = 1, a value of '/, 
a c ' 

2 and 3. The direction-cosines of the generating lines are 
given by 

la m3 ny ^ . P m' n^ ^ 

From these we easily get, eliminating w, 

P/a* fi'X 2hay nWy^ ^_ 
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Whence 

L L a'c' 2ay 

— +— = 1 ^.a ij^ =- — - 



n, n^ 






Whence by symmetry we get . 

and if ^ be the angle between the two straight lines, each of these 
ratios 

costf 

sin^ 

, • 

~ Jl{py~^(P' - h") {y' + c')} + . . . similar terms ' 

~ 2 y 7* (a* + 6') + )8' {a' - c') + a» (b' - c^ + 6 V + aV - a*P ' 
The solution of (2) easily follows by putting 6 = a, and 6 = a, 

4. If Z, wi, w ; r, mf, n' be the direction-cosines of the two 

radii vectores, these with ^. , 0, — , form a set of 

nine quantities satisfying the, conditions of Art. 44. Also if r, r' 
be the two radii 

r« = ar + 6 W + c V, /« = a'^ + h'm'' + c V« ; 
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5. Planes parallel to fa; + my + ri« = and Vx + m'y + n'z = 0. 

6. ajy + y» + 235 = ^ '—^ , whence the result 

follows. 

7. By Art. 69, the projections of OP, OP^ on the plane of xy 
are tangents to the principal ellipse at the ends of conjugate 
diameters. The sum of the squares of these projections is there- 
fore a^ + V. Also the height of above the plane of xy can be 
easily shewn to be c, wheifce the result follows. 

8 and 9. If X, /^i, v be the direction-cosines and r the length 
of any radius vector in the plane Ix -I- my + 7i» = ; 



1 .fi" vX V /IV 



7^ d 

while XI + fim + r?i = . . . (2). If the section be a rectangular 

hyperbola two directions at right angles make - vanish. By the 

methods of Ex. 21 — 23, Chap. ii. the condition for this is found. 

The condition for a circular section is that -^ shall be invariable 

r 

for all values of X, /n, v consistent with (2) ; whence X^ 4- fim -h vn 

must be a factor of 

where k is the constant value of -» • ^or the rest see Art 49. 

10. By Art. 63 the generating lines at any point (a?, y, z) 
must be parallel to the asymptotes of a section by a plane through 
the centre parallel to that which cuts the surface in these two 
lines. The equation of such a plane is by Art. 58 

ax Pv yz r. 
a c 

if (a, )8, y) be the point : the semi-axes of the section by this 
plane are given {Art. 68 (10)} by the equation 



»• . fi' . ■/ 



= 0. 



a(a-r*) 6(6-r*) c(c-tY 

X a ^ 
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AI90 if rj*, T^ be the two values of r* in this equation and 26 
the angle between the asymptotes of the curve 

tan«^-=-^i; 
^« 

'a w 

which is the required result. 

11. The square of the distance of the focus of any section from 
the centre is the difference of the squares of the semi- axes of that 
section. Hence if p, X, fi, v be the radius vector and direction- 
cosines of any point in the locus, p* = r* ~ r^*, where r,, r, are the 
two values of r in equation (10) of Art. 68, and A, /a, v are de- 
termined by equation (12) of that article; between these equations 
and (5) we have to eliminate l, m, n, and for Ap, fip, vp to substi- 
tute X, y, z, 

12. cc* + 2^ + »' - (^ + my + nzf = a\ See Art. (28). 

13. A+B-¥C = Q. See Arts. 34 and 44. 

14. If hc + my + nz-Q ... (1) be the equation of the plane 

A O V 

base, the co-ordinates of the vertex are given by y = — = -^ = 5, 
Let then — r — = — = r ... (2) be the equations of 

A /A V 

the generating line ; substitute for a;, 3/, z from these equations 
in (1) and the equation of the ellipsoid, and eliminate r. Thus we 
get a relation between A, /n, v and then from (2) the equation of 
the cone as in Art. 34. 

15. ic* + y* -H «* - 2y% — 2zx - 2xy = 0. 

16. ic* + 2^ + »' = (^ + my + nzf sec* a. See Art. 28. 

17. Determine I, m, n and a in the last question so as to 
make the cone contain the given lines. 

18. Is solved in question (2). 

19. Assume Aaj + fiy + vjs = 0. . .(1) the plane; ,•. A? + /Am+vw=0. 
Eliminate z between (1) and the given cone. We get a cubic 

equation in - one value of which must be y ; the product of the 

other values is easily obtained. See "EiX..^^, CSha.^ter il 
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20. These values satisfy the equation of the hyperboloid 
whatever <f> and 6 may be. Substitute in the equations of Art. 57, 
and we shall get finally 

x-a cos <^sec^_y-6sin<^sec^^«-c tan 

asia{<f>^$) "" -6cos(<^±^) "" *c 

21. Use the equations in the last question. 

22. Any planes through the two generating lines in question 
may have their equations written 

a \h cj a \b cj 

The condition that the line of intersection of these should be a 
generating line is easily found to be kl^ = — 1. 

It can be shewn that the intersections of these planes with 
either of the planes 

c 

are always at right angles to each other. These are the planes 
which give circular sections. 

23. Take the general homogeneous equation of the second 
degree in a, p, y, 8. Find the conditions that this may be satis- 
fied by either of the pairs a = 0, 7 = 0, and )8 = 0, 8 = 0. 

24. Substitute x = (x' - z') cos B,z = {x' + z') sin 0, 



where tan B = 



ajb'-if' 



CHAPTER VI. 

1. If X, /A, V be the direction-cosines of any generator of the 
given cone a*X* -h 6'/a' -h c'v' = (f , whence by .Ajt. 79 the result 
follows. 

2, Use equations (6) of Art, 77, and in the given case by 
Art. 78, 



and the locus becomes 

a c 



^n— ^ 
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3. Use formulsB of Art. 74 to shew that the plane passes 
through the three given points. 

4. |!^, where p is the perpendicular from the origin on 
the plane LMN, 

irahc 



5. volume = 



3^3- 



6. A cylinder whose axis is parallel to Oz and whose trace 
on the plane of o^ is given by 

^ / ,»,/) X, Thfi c»(a»sin«d + 5«cos«^))J 

— =Ja'sin'^ + 5'cos'^<l ^ sn '-> . 

7. Let a, p be the co-ordinates of the point where the straight 
line cuts the plane of xy, and let a line be drawn inclined at an 

angled to Ox to cut the ellipse -j + ^ = 1 in two points. If r,, r^ 

be the distances of these two points from a, p, the square of the 
eccentricity of the vertical section through a straight line a; = a, 

y — P supposed to be its directrix must=-j — ? > , but it also equals 

- c'(a*sin*^ + 6'cos*^), a^ cq i. ' • j 

1 i 57^ by Art. 63, whence since r, and r. are 

expressed in terms of B we can get a quadratic equation in tan"^ 
the roots of which must be real. 

8. Use Art. 77, p being a constant : 

9. If a', h\ c' be the conjugate semi-diameters, and x', yf^ % 
the co-ordinates of the point in which the three planes meet 

A^ a"' 
by similar triangles and Art. 79. 

10. We have to find the directions of the axes of the section 
of -ice* + B]^ -I- (72* = 1 by the plane Alx -I- Bmy + Grva = 0, where 

I^l'-h Qm'+Iin^= 0. See Art. 68, Equations 5 and 12 and elimi- 
nate I, m, n. 
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(i; ^- i"^ 2FB^WG' '^'"' 21B' '^~'' 210' 

(2) 2^jS(6-)8) + 2(7y(c-y) = a-a if a, 5, c be co- 
ordinates of the fixed point. 

12. If X, y, z be the co-ordinates of any point on the perpen- 
dicular, 

aan by cz 

x.-^x^ + x^ "^ y^ +y^'^y^ ^ z^+z, + z^ _ Ja'af + bY + c'!s^ 
a b c J3 

hy Art 74, 

X y z xx^ + yy^ + zz^ 

" x^+x^ + x^ " y.-^y^ + y^ " z^-^z^-hz^ ~ I 

a' b' c' 

whence the result followa 

13, If the curve be a parabola the line joining its centre 
to the origin must be parallel to the plane, whence the result 
follows. 



CHAPTER YII. 

1. (1) The discriminating, cubic is 8^ - 10«' + 13« + 47 = 0. 
This has two positive roots and one negative root by Descartes' 
rule of signs, all the roots being real Hence the equation repre- 
sents a hyperboloid of one sheet. 

(2) A hyperbolic cylinder. 

2. (1) Hyperboloid of revolution whose centre is at the 
point (2, 1,0); of one or two sheets according as a > or < 0. 

(2) Co-ordinates of centre - f f> ~ tt> A i hyperboloid of one 
sheet. 

(3) A parabolic cylinder. 

(4) A hyperboloid of one sheet. 

3. The two equations merely differ by h' (as* + ^ + »') which 
remains unaltered by any transformation round the origin. 

The second is a right circular c^\m'i'ex,>ik^^«:^^»^^s<§^^ 
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4. An ellipsoid if 1 - ft < J 2, a hyperboloid of one sheet 
ifl-/i>V2. 

5. An ellipsoid whose centre is at the point -j- ^ -j-, -j-* 
the equation when » = can be put into the form 

6. See Example 6, Chapter iv. Wrong reference in question. 

7. Take the general equation of the second degree and find 
the conditions that it may be satisfied when a; = and 2;= 0, and 
also when y = and « = 0. 

10. See Art. 150 for the condition that the equation repre- 
sents a surface of revolution, and Art. 90. These conditions give 
if c = a + 6, 6' = 0, c'^ — db^ and the equation can be written 

(ajVa + yVft)" + c(» + -) +2a"a;+26'V + ^- — = 0, 
which can be again written 



2; + — j +2 {a*' -k Ja)x 



c'" 



c 

And if A; be so chosen that x Ja + y Jh + ^ = 0, and the line 

2x (a^-kja) + 2y (6"- A; ^6) = 0, 



c" 



are at right angles, the former united with « + — = must give 

c 

the axis. 

11. 9?-^cxy — ¥, 

1 2. Take for the fixed straight lines 05 = 0, y = 0;aj = a, » = 0; 
y = 5, « = c; and take the equations (3) of Art. 17 as the gene- 
rating line : the equation becomes 

— ayz + hxz = cy(x~' a), 

13. The condition required is that 

AX' + B,jl' + C7v* + 2A'fiv + 2B'vX + 2C'V 

shall retain an invariable value for all values oi X, fi, v consistent 
with /A + m/i + nv = 0. See Art 173. 

14. Eliminate a between the eq\\atiOT\a (^^ ol Kt\,, ^^. 



XSSWSatS TO TBE SXIXFLESL S6S 

15. If x', y', s'beliie ocMvdiiiiteBoflJie^atieZylJieaqpati^ 
of the oone is 

And by Art. 50 equation (7) it folloini tliai 



x" 



CHAPTER VnL 

1. «* + y* + z" = a" + 6* + c*. Use equatioii 5 of Art 101. 

2. A similar and similarij sitaatod ellipooid whose axes are 
double those of the first 

3. Use Art lOL 

6. Hie conditions that the normal to the ellipsoid at (x, y, s;) 
shaQ pass through (a, ^ y) are 

X y z ^ 

and these combined with 

«• y* «" , 

— 4- — + — =r 1 

a* 6- c« ' 

give an equation of the sixth degree in k. All six lines lie on 
the cone 

x — a y ~ P « — y 

7. Obtain the condition that the normal at the point (ob, y, s) 

X t/ ft 

may intersect a given diameter -=->■>. By properly choo^ng 
X, ft, y this condition can be made identical with 

- + — + - = 0, 
« V * 
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8. The tangent plane to any such ellipsoid can have its 
equation written as 

Ix + my '\-nz = JaH^ + 6*m* + c W — A*, 
whence by Art 77 (6) the result can be obtained. 

9. There will be one straight line in the tangent plane at the 
extremity of the radius, perpendicular to the radius. 

10. If Ix-^my-^-nz^p be the equation of the cutting plane, 
the first volume is given by multiplying the area of the section 
given in Art. 80 by ^p. The co-ordinates of the pole of the sec- 
tion can be obtained from Art. 106, and the perpendicular on the 

plane from this point is found to be — : whence 

the ratio of the volumes is s —. and if this be 

constant it easily follows that either volume is constant. 

11. The shadow is the section by the plane, of the envelop- 
ing cone whose vertex is the luminous point 

12. Use Arts. 149, 150. 

13. Take the centre of the ball as origin, a plane parallel 
to the inclined plane as plane of «y, and a — It, )8 - m^, y - w< as 
the co-ordinates of the luminous point at any time. 

14. yzx' + zxy' + ocyz = 3a' ; -^ . 

1 5. x'x"^ + y^y"^ + z'z~ ^ = a? 

16. {B/S'+Cy'-a) (By'-rCz' - xy{BI3y+Cyz - H« + <^)Y=0. 

• - 1 ~ 2Bp ~ 20y ' (1 + 2Bay *** (1 + 2Ca)« * 

19, The equations of the normal at (or, y, z) are 

x{x' -'x) = y{y'-'y) = z (z' - z). 
Use the condition of Art. 31. 

20. 4a; + r + ^ = 0. Use equation (3) of Art. 102, 

21. a(iv''-'yz) + /3(y'-zx) + y(z'-xy) = c^: & hyperboloid 
of one or two sheets according as a + P -V -y \a ^o«\\an^ qy negative. 
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22. ay% + Pzx + yxy = 3a": a hyperboloid of one or two sheets 
according as a)3y is negative or positive. 

23. 4aj(a;« + 3^» + «») + ^+^=0. 

24. The equation of any tangent plane to the cone can be put 
into the form Axocf + Byy' -^Czz ^^O^vrheve Ax" + By" + Cz" = 0, 
and if I th n 

we get the required result. 

25. Use (10) of Art. 68 putting -, , ^g, \ for ?, m, n and 

reducing. Or else use (1) and (3) of Art. 75. 

27. (a - a7 + (6 - hj + (c - c')" = r' + /» where r, / are the 
radii and (a, 5, c) ; (a', 6', c') the co-ordinates of the centres of the 
two spheres. 

29. Taking the equations of Example 33 of Chapter ii., if 
a be the radius of the sphere, the locus required is 

(w* + 1) cajy — m (a^ — c') « = 0. 



CHAPTER IX. 

1. (1) a:V-y'a^ + -(«'-«) = 0. 



c 

(2) If we assume »=r sin ^, the equation of the osculating 
plane can be written 

2x' cos" ^ - y' sin ^ (1 + 2 cos' ^) - 2»' + r sin ^ (2 + cos* <^) = 0. 

2. Length of arc = Jd? + c' . (B^ — ^,). From the equations 
of the curve obtain as* + y' as a function of z\ let aj* + y^ =y (»). 
This is the equation required. Ex. as* + y* = a*. 

3. We easily get, if a be the radius of the generating cylinder, 
6* = 4a* sin* ^V^ + «' CO*' « (^i - ^«)' = ^»" sin* ^1^ 

B — 6 
if I be the length. Hence, when Hs a maximum, sin ^ * + ; 

and the maximum length = . But this maximum len&:th 

° cos a ° 

= a cosec a (d, - ^g) and ^j - ^,= 2w7r ; 

2mra b b tan a 



• • 



J • • Ob — ^r % 

Bin a COS a iuic 
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4. The equations of the curve are 

^ aB aB 

5. x + y + z = l. 

6. r = af il> — tan fi log tan « + ^ J »'i ^> ^ being polar co- 
ordinates. 

7. (1) y»-ic» = c. (2) y + atan-*?^ = c. 

8. Analytically. Differentiate the equations of the sphere 

and ellipsoid, and find the ratios —r'-r^^-j* The equation 

of the plane can then be found, and then the equation (12) 
of Art. 68 can be used. 

9. (1) cos"^ (cos ^ sin ^) + cos"* (sin ^ sin ^) = const, 
which can be transformed into 

(2) cos<^ ainOjl- sin*<^sin'^ + sin <^ sin Oj\— cos'<f> sin'O = const, 
or (3) xja' - y* + y V<** -«* = const. 

10. e = a^. 

11. By Art 101, t-z- , ^, -r will be proportional to 



whence 



$-'h ii-'h (S-')^ 

\P cVxda'^Kfi' aVyds'^Ka* v) z da 



12. 25 = ^€«BinocotB^ where z is the distance of the point from 
the vertex, a the semivertical angle of the cone, P the fixed angle, 
and the angle made by the plane through the point on the curve 
and the axis of the cone, with some fixed plane. The length of curve 

between any two values of ^ = ;= Ic " '^ — € ^ }. At 

^ cos)8 ^ * 

the vertex ^ = - oo . 

13. From the method of producing the curve we easily see 
that if she the arc measured trom tlaa ^Vnfe ii^ac^^\»\» \.laft vertex, 



X 
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r' = c^ + s'. Also if the axis of the cone be the axis of 05, aj = r cos a : 

OtOR C COS o. 

whence — , = — -g — . Also the principal normal to the curve 
is the normal to the cone at that point (Art. 182). Whence 

U. (1) t±l, (2) ^1±£!. 

15. x = cos ^, y = sin fl, z = cB, 

16. Take the common tangent to the two curves as axis of x 
and the plane of the circle as plane of ocy. Then if oj^, yj, z^ be the 
co-ordinates of a point on the circle at the end of the arc 8«, 
and p the radius of the circle 

.&.,&?» /, &?\ 8«' 8«* 

,=psin- = 8.-J^+...; y^ = p|^l-cos-j=2;^-^3+...; ^, = 0; 

and if a:,, y^, %^ be the co-ordinates of the point on the curve 
we get 

dx « - d^x 5, 2 1 d^x « - 

and similar values for y^, »,. But it can easily be shewn by 
Arts. 119, 130 that 

^-1 ^-n ^-n ^-0 ^-1 ^^-n 

c^«"" ' tf«~"' ds~^' ds^~^' da^ "p' (^«*~ ' 
whence the square of the distance required becomes 

And by differentiating the formula (10) of Art. 129, and (2) 
of Art. 118 the required result may be obtained. 

17. Prove geometrically from the figure in Art. 127. 

18. By Ex. 12 the equations of the curve may be written 

« = -4 tan a€<^ cos ^, y = ^ tan ac^ sin ^, z — Atf^^ 

where c ■• sin a cot ^ ; whence p can be obtained by (9^ ixL Ay^. Vl^ * 
When developed the curve is an e(\\x\sixi^\>\!ax «?^ycA. 
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CHAPTER X. 

1. 5B" + y* + «"-(to + my + nzf = 1. 

3. «^+y'+^-*'g + g + ^ = o. 

oV 6y cV , 

5. s* = c', c being the radius, and the plane of xy the fixed 
plane. 

ft ^ 

aV 6V c*«' 

7. -J — -5 + Ti-^ +Ta-— j = 0, where r* = a" + y* + «*. The 

Wave Surface. See Chapter on Fresnel's Theory of Double 
Hefraction. 

8. The surface sc^ + y' ■{■ 2s^ = 2k^ ; and the curve a^ + ^ = k', 



9 «7«^.n_i 



10. a5y« = ^ , where JA^ is the given volume. 

11. «» + y'+«' = A:». 12. ^!+^"+5 = p- 

13. a« + y' + »» = (c±c')*. 

14. g +|! +|[ _ l^ (aT+5W+cV-l)=(for+wy+w»-l)«. 

15. By Art. 106 all the lines in question lie in the polar 
plane of (a, )8, y). If a', )8', y' be the co-ordinates of one point 
in which any chord meets the ellipsoid, the line required will be 
given by the two equations 

^«+2^^+53f-l and— -h^^+'^'-l 

The condition that this line may be perj)endicular to the line 
joining (a, )8, y) to (a, )8', y) can be reduced to the form 

(y-c')a (o'-g')^ (a'-6')y 
a- a j3-p "y-t 
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Also the equation of a plane through the origin and the line 
required is 

xja^a^ y(ff-)y) zjy-y^ 

a' ^ 6= *** c' ""' 

the envelope of which treating a — a', )8 — )8', y - y as parameters 
gives us the cone required. That the curve is a parabola can be 
shewn because a plane through the origin parallel to the polar 
plane of (a, p, y) can easily be shewn to touch the cone. 



CHAPTER XI. 

1. If a;=/i(^), y=/^(t), z=/^(t) be the equations of the 
curve, we have to find the envelope of 

where t is the parameter. The envelope is obtained from the 
intersection of the sphere with the normal plane to the curve 
at the point t 

2. The equation can be put in the form 



s 



(a: + y + *){(«' + 2^ + i^)-(*-±^"y} = c», 



and if the line x = y — z be taken as axis of z' this becomes, 

bv Arts. 25 and 28, — ^— z' (x" + y") = c% which is a surface 

2c" 
formed hj the revolution of the curve « V = q—To round the axis 

of it'. Or, apply Art. 148. 

3. ay + a?z^ = c V j a? = a, ^ + »' = c* being the equations of 
the circle. 

4. See Ex. 11, Chap. vii. for choice of axes, 

J^Tzf {c^zf d"' 

^ . z z 

5. 05 sin - = V cos - . 

c "^ c 



6. a5cos^ + ysm^ = a, where 6 = -- 

^ ' c a 
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7. (1) (aj' + ^(A;- no) -h 2a {z - a) (Ix -h my) + (^ + na) (« - a)*, 
the vertex being at the point (0, 0, a) and the plane of the small 
circle being Ix + my -{-nz — k, 

(2) Put « = in the above. 

8. Jaf + ^ + Jci' -«■ = «, or 

{af + y''^s^ + a'-cy = 4:a'{af + 7^) (1). 

9. The points at which the tangent plane passes through 

the origin are given by « = ±- ^a* — c', that is, they lie in two 

horizontal rings. Take one of these points in the plane of zx. 
The tangent plane at this point has for its equation 



c' 



x^z"^^^ (2). 

c ^ ' 



Also the equation (1) can be put into the form 

= 4c'y' + 4 (ca3 — « Jd^ — c*) (ex + z J a* — c'), 

whence at the points of intersection of (2) with (1) 

ic* + y* + 2* - (a" ~ c') = ± 2cy, 

Hence (2) cuts (1) in two circles. From the symmetry of the 
surface the same will be true for all the points. 

10. The fixed plane being the plane of yz, and I, m, n the 
direction-cosines of AB, the equation of the sui^ace is 

{mz — nyY + (nx — hy + (ly - m^y = ^V. 

11. The conditions are given in Art. 92. See Art. 151. 



1^ ^V , hy c'z' 

{a' - ky {b' - ky *** (c* - Ar^)« " ' 

-a T ayz + bzx-hcxy 

where k* = abc . rj—^ ^ . 

ocyz + cazx + abxy 

14. Take y=:px and y=kz'^q as equations of the gener- 
ating line. 

15. (1) A surface of revolution round Oz, (2) A surface 
such that all sections by planes through Oz are circles. (3) A 
cone whose vertex is 0. 

16. (1) A surface produced by the revolution of the lem- 
niacate in the plane of %x T0\m4 0%. i^\ A surface produced 
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by the motion of a circle whose centre is and radius is any 
radius of the same lemniscate placed in the plane of xy, 

18. The equations of any helix can be written 

x = a cos 6, y = a sin ^, z = cO + y, 
and by virtue of the given conditions y and c must be expressible 

as functions of a. Hence since a* = 05* + v' and = tan"^ - , and 

^ X 

also = — - , we get 
c c 

tan-^ ^^zF{o^ + y^ +/(x' + y*). 

The second part easily follows by differentiation. 

19. The reflected light forms a cone of the second order, and 
the wall on which it falls is parallel to one of its generating 
lines. 

20. If a, , ^i, »i; aJa, y,, 2J, be the co-ordinates of the 
points Ay B'j being the origiu, the condition that AB subtends a 
right angle at is a?i«a + ^i^a + ^1^2 = ^' ^so the equations of 
AB are 

«^i-«a Vx-y^ \-'^2 

and from the equations of the straight lines a;,, y^ can be expressed 
in terms of z^ and a , 3/1 in terms of z^. Then eliminating ^Jj, z^y 
between these equations we get a relation between x^ y, z, 

21. Equation (4) of Art, 148 is evidently the required con- 
dition, 

X 

22. Ji -=f (z) be the equation of the surface, the locus 
required is ^ 

where /, /' are the values of /{z) and /' (z) for the ^'■i^xs. 
value of z. 
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23. The equations of any such circle are 05* + y* + «' = 2ax 
and y = mx, also a must be expressible as a function of m, = 2cf{m) 
say. The differential equation can be easily deduced. 

25. A right conoid, whose dii'ecting curve is formed by 
folding the curve of sines with its base horizontal round a vertical 
cylinder. In the case of n = 2, the equation becomes 

« (as* + y") = 2cxi/ ; 
and any plane 

will cut this in a conic section, if 

p (m' + n') + 2cmn = 0. 
The projection of the curve on the plane of osy is 

(a;* + y") (m* + n') — 2cmn (nx + my) = 0. 

CHAPTER XIL 

1. 6a"- 12/ = 9, p = Oi 4a"+12)8» = 9, y = 0; impossible 
locus. 

2x^ Sv* 4«* 

^- ■^^2FfT'*' 3¥-n "^iFfl " ^ ^® ®'*^®^ °^ *^® surfaces, 
the two values of k are the roots of the quadratic 

7« 3, 29 . 

3. Let a be the distance of the point along the axis of x, and 
a c 



a^ y^ !^ 

~g + Ta + "T = 1 one of the surfaces : the locus required is 



X y' »* , 

a ax-{a'^b^) aa3-(a*-c*) 

4. At the points of intersection we easily get ax = l3y + a\ 
Also the direction-cosines of the normal to the first surface at any 
such point are easily proved to be proportional to 

1 a gg' 2 2z 

while those of the normal to the second are proportional to 

2 1 _ ^ _ P^ _2%_ 
a' P a' {ax- by ox-V 

and these lines are therefore perpendicular to each other since their 
direction-cosines satisfy the requisite coh^iXaotl. 
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5. If the two quadrics be Bj^ + C«* = x and Bif + C"«' = a; + ^, 
the coincidence of the foci involves 

4J5""4i^' ' 4(7 "40" ' 
whence also the focal conies will coincide, since 

BC " FC • 

6. At the points where the two quadrics in (5) cut, we have 

or 45^y + 4CC"«"+l = 0, 

which is the condition that the tangent planes to the two quad- 
rics at (a;, y, z) should be at right angles. 

7. Use Article 161 and equations (2) and (3) of Article 83 
applied to the surface of Article 108. 



CHAPTER XIII. 

6»cV c'aY a'b'z^ ^ 

1. -—8 + ^a+ 5=0 

pp -a pp — pp — c 

where p is the perpendicular from the centre on the tangent 
plane. This can be reduced to 

For the umbilici the two roots will be equal. This will require 
one of the quantities a;, ^ or ^ to vanish. 

2. (1) x=y = z — a. 

(2) When xa^ = ^yb^ = ^ zcK 

4. (1) Eliminate m between equations (6) and (7) of Art 
171, writing p = hjl+p' + q^. 

(2) The coefficients of the several ^^«t%. ^1 -w. Nsj^ *^i«^ 
equation (7) of Art. 171 must vaxo:^. 

A, G. 
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5. The two values of A in (9) of Art. 169 must be equal and 
of opposite sign ; 

.-. ir{v+w)-^r'{w-hu)-¥W'{u+vy2uTW-2v'WU-2w'UV=0. 

TLe points of intersection of the surface with the sphere 

6. Take the general equation of a quadric and determine 
the conditions that it may touch the plane of xy at the origin, 
and that sections by planes parallel to that plane may be circles. 

7. Using the equation in the last question the locus required 
is 

cx + br/-hk(z — a) — z = 0. 

8. See Ex. 4, Chap. xii. The surface in the question and 
the two surfaces 



Py + h^ P fiy + b'-c* 7» + c' yz + c^-b'' y 

can be shewn to cut always at right angles, where )8 and y are 
any constants. Hence the intersections of these surfaces with the 
given one are its lines of curvature. 

At the points of intersection of the first with the given 
surface we have ax = Py + b'& plane ; and by combining this with 
the given equation, that can be written 

-(aa;-c») + |()8y + 6»-c") + «» = aa;-c', 

which is the equation of a sphere. Hence the lines of curvature 
are circles : and the plane of any one of them being ax = py + b* 
always contains the line ax = b^^ y = 0. 

9. The result follows from the fact that r has the same 
value for all tangent lines at the umbilicus. 

10. At the points of contact pr has the same value for the 
geodesic and the line of curvature. 

1 J. The value of pr is the same for the two geodesies through 

J' since they each pass tliro\ig\i an "vrcDfeilvivis. Hence the value 

of r 18 the same. The tangents to Wiei^^ Vwo ^^i^^^-s^^ «x<b 'Owss^- 
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fore parallel to the equal radii of the indicatrix, and the tangents 
to the lines of curvature being parallel to the axes bisect the 
angles between these. 

12. Can be proved from 11 by the method of infinitesimals. 

13. The geodesic circle cuts all geodesies through the um- 
bilicus at right . angles. Hence if d, dl be the semidiameters 
parallel to the tangent to the geodesic circle and the line through 
the umbilicus, and p, p' be the semi-axes of the central section 
parallel to the tangent plane at the point 

d^ "^ d'^ ~ p''^ p'' ~ a'b'c' 

Ex. 25, Chap. viii. 



«^7'Ji 



jp'cf p'd 



= a* + 6Vc*-r». 



But jo*c?'* = aV as can be ascertained from the known co-ordinates 
of the umbilici. 

14. At any point in the principal section by the plane of yz 

c* + 6' - r* 
the two roots of the equation in (1) can be shewn to be — 



a» 



P 



and — . The former root is the radius of curvature of the prin- 

, P , 
cipal section : the latter gives the distance along the normal of 

the point whose locus is required which can then be worked out 

by plane geometry. 

15. Taking af + y' = a' as the equation of the cylinder we 

d z dz 

easily get for the geodesies -t^ — ^\ therefore ;r = c, whence the 
curves are helices. 

16. B = Jz^ sec* a — c' , where a is the semi- vertical angle of 
the cone, and 8 the length of the arc from the nearest point to the 
vertex. 

17. If 01^ + y^ =/(z) be the equation of the surface it easily 
follows from (1) of Art, 182 that for all points in any geodesic line 

dy dx 
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And it can easily be proved that the sine of the angle required 

__ c 

18. If r =/{x) be the equation of the surface r^ being y" + 2^ 
the required expressions are 



V ■*■ \dx) } , /, /dry 



d'r 
da^ 



and r 



19. With the usual notation for an ellipse the product 
required is 

PF FF'FF~ AC ^^'*^ ^' 

20. The radii of curvature of the principal sections are 

r and : — r 1 where r is the focal radius of the point on 

r — p sin <^ 

the ellipse which is in contact, <t> the angle between that radius 

and the tangent, and p the radius of curvature of the ellipse 

(Besant on Glissettes, &c.). Hence the sum of the curvatures 

2 p8in<^ _2 r(2g-r) _l 
r 7^ r or* a * 

21. By Meunier's Theorem. 

22. Use the quadratic equation in question (1) of this chapter, 
r being a constant. 

23. Prove geometrically from the fact that when the surface 
is developed the geodesies become straight lines. 

24. Differentiate r* = 05' + y' + 2' twice and use the formulae (1) 
of Art. 182, (10) of Art. 129, and (1) of Art. 100. 

25. Use Meunier's Theorem, and (3) of Art. 167. 
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Sophocles. The Oedipus Tyrannns. By B. H. Kennedy, D.D. 5s. 

Terenoe. By W. Wagner, Ph.D. 2nd Edition. 7«. 6d. 

TheoGritos. By F. A. Paley, M.A., LL.D. 2nd Edition. 4s. M. 

Thuoydides. Book YI. By T. W. Doagan, M.A., Fellow of St. 
John's Oollege« Oambridge. 3s. 6d. 

(Hhers in preparaJtion. 



CRITICAL AND ANNOTATED EDITIONS. 

Aristophanis GomcediaB. By H. A. Holden, LL.D. 8yo. 2 vols. 
Notes, Illnstratious, and Maps. 23s. 6d. Flays sold saparately. 

CsBsar's Seventh Campaign in Gaul, B.C. 62. By Bev. W. G. 
Compton, M. A., Assistant Master, Uppingham School. Crown 8to. 46. 



Educational Warks. 



CalpurniuB Sloulua. By G. H. Eeene, M.A. Crown 8yo. 6t, 
Ck>rpu3 Poetanim Latinonim. Edited by Walker. ItoI.Sto. IBs, 
Horace. Qointi Horatii Flaod Opera. By H. A. J. Mnnro, MA. 

Large 8yo. 10«. 6d. 

lilvy. The first five Books. By J. Prendeville. 12mo. roan, 5f . 

Or Books I.-ni. Sa.6d.iy. and Y. 3s. 6d. Or the five Books in separate 
vols. Is. 6d. each. 

liUcan. The Pharsalia. By C. E. Haskins, M.A., and W. E. 

Heitland, M.A. Demy 8yo. 14s. 
Lucretius. With Commentary by H. A. J. Mnnro. 4th Edition. 

Vols. I. and II. Introduction, Text, and Notes. ISs. YoL III. Trans- 

lation. 68. 

Ovid. P. OyidiiNasonisHeroidesXIV. By A. Palmer, M.A. 8yo.6«. 

P. Ovidii Nasonis Ars Amatoria et Amores. By the Rev. 

H. Williams. M.A. Ss. 6d. 

Metamorphoses. BookXIQ. By Chas. Haines Eeene, M-.A. 



2s. 6d. 

Epistolamm ex Ponto Liber Primus. ByC.H.Eeene,M.A. 3«. 



Propertius. Sex Aurelii Propertii Carmina. By F. A. Paley , M. A ., 

LL.D. 8vo. Cloth, 5s. 

Sex Propertii Elegiamm. Libri IV. Becensnit A. Palmer, 

Ck>llegii Sacrosanctsa et IndiyidusB TrinitatiB jnxta Dublinom Bocius. 
Fcap. 8vo. 3s. 6d. 

Sophocles. The Oedipus Tyraxmus. By B. H. Eennedy, D.D. 

Crown 8vo. Ss. 

Thuoydides. The History of the Peloponnesian War. ByBichard 
Shilleto, M.A. Book I. Sro. 6t.6d. Book II. 8yo. 5s. 6d. 



LOWER FORM SERIES. 

With Notes and Vocabularies. 

Eologfls TiatlTim ; or. First Latin Beading-Book, with English Notes 
and a Dictionary. By the late Rev. P. Frost, M.A. New Edition. Fcap. 
Svo. Is. 6d. 

Latin Vocabularies for Repetition. By A. M. M. Stedman, M.A. 

2nd Edition, revised. Fcap. Svo. Is. 6d. 

Easy Latin Passages for Unseen Translation. By A. M. M. 

stedman, M.A. Fcap. Syo. Is. 6d. 
Virgil's .^neid. Book I. Abridged from Conington's Edition by 
Rev. J. Gt. Sheppard, D.O.L. With Vocabnlary by W. F. R. Shilleto. 
Is. 6d. [Novi ready. 

Caesar de Hello Gallico. Books I. and II. With Notes oy George 

Long, M.A., and Vocabnlary by W. F. R. Shilleto. Is. 6d. each. 

[Book III. in the press. 

Tales for Latin Prose Composition. With Notes and Vocabu- 
lary. By G. H. Wells. M.A. 2s. 
Materials for Latin Prose Oomposition. By the late Bey. P. 

Frost, M.A. New Edition. Fcap. Svo. 2s. Key (for Tutors only), 4m, 
A Latin Verse-BooiL. An Introductory Work on Hexameters and 
Pentameters. By the late Rev. P. Frost, M.A. New Edition. Foap. 8to. 
2s. Key (for Tutors only), Ss. 

Analeota QrsBoa Minora, with Introductory Sentences, English 
Notes, and a Dictionary. By the late Rev. P. Frost, M.A. New Bdition. 
Foap. Svo. 2s. 

Greek Testament Selections. 2nd Edition, enlarged, with Notes 

and Vocabulary. By A. M. M. Stedman, M.A. If'cap. Svo. 28. 6d. 
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LATIN AND GREEK CLASS-BOOKS. 

{See also Lovoer Form Series.) 

Faciliora. An Elementary Latin Book on a new principle. By 
the Bev. J. L. Seafi^er, M.A. 28. 6d. 

First Latin Lessons. By A. M. M. Stedman. Is. 

Easy Latin Exercises, for Use with the Bevised Latin Primer 
and Shorter Latin Primer. By A. M. M. Stedman, M.A. {Issued with the 
consent of the late Dr. Kennedy.) Grown 8ro. 28. 6d. 

Xfllscellaneous Latin Exercises. By A. M. M. Stedman, M.A. 

Fcap. 8vo. 1«. 6d. 

A Latin Primer. By Bev. A. C. Clapin, M.A. Is, 

Auxilia Latlna. A Series of Progressive Latin Exercises. By 
. M.J.B.Baddeley,M.A. Foap.Svo. FartLAooidenoe. 3rd Edition, revised. 
28. Part EL 4th Edition, revised. 28. Key to Part II. 28. 6d. 

Scala Latlna. Elementary Latin Exercises. By Bey. J. W. 
Davis, M.A New Edition, with Yocabnlary. Fcap. 8vo. 28. 6d. 

Passages for Translation into Latin Prose. By Prof. H. Nettle- 
ship, M.A. 38. Key (for Tutors only), 4s. 6d. 

Latin Prose Lessons. By Prof. Church, M.A. 9th Edition. 

Fcap. 8vo. 2s. 6d. 

Analytioal Latin Exercises. By 0. P. Mason, B.A. 4th Edit. 

Part I., l8. 6d. Part 11., 28. 6d. 

By T. Collins, M.A., Head Master of the Latin School, 

Newport, Salop. 

Latin Exercises and Grammar Papers. 6th Edit. Fcap. Syo. 2s. 6(2. 
Unseen Papers in Latin Prose and Terse. With Examination 

Questions. 4th Edition. Foap. 8vo. 28. 6d. 
in Greek Prose and Terse. With Examination Questions. 

3rd Edition. Fcap. 8vo. 3s. 

Easy Translations firom Nepos, Caesar, Cicero, Livy, &c., for 

Betranslation into Latin. With Notes. 28. 



Soala Qrssoa : a Series of Elementary Ghreek Exercises. By Bev. J. W. 

Davis, M.A., and B. W. Baddeley, M.A. 3rd Edition. Foap. 8vo. 2s. 6d. 

Ghreek Verse Compceition. By G. Preston, M.A. 5th Edition. 

Grown 8vo. 4s. 6d. 
Greek Particles and their Combinations according to Attic Usage. 

A Short Treatise. By F. A. Paley, M.A., LL.D. 28. 6d. 
Rudiments of Attic Construction and Idiom. By the Bev. 

W. 0. Gompton, M.A., Assistant Master at Uppingha m School. 38. 

By a. M. M. Stedman, M.A., Wadham College, Oxford. 
Latin Examination Papers in Grammar and Idiom. Crown 

8vo. 28. 6d. Key (for Tutors and Private Students only), 68. 

Qreek Examination Papers in Grammar and Idiom. 2a. 6(2. 

By thb Bey. P. Fbost, M.A., St. John's College, Cambbidob. 

Materials for Qreek Proee Composition. New Edit. Fcap. 8yo. 

28. 6d. Key (for Tutors only), Ss. 

FlovUegium Poetioum. Elegiac Extracts from Qyid and Tibullus* 
New Bdition. With Notes. Ecap. 8vo. 28. 
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Anthologia QrsBoa. A Selection of Choice Greek Poetry, with Notes. 

By F. St. John Thackeray. 44Ji and Cheaper EdiOion. 16mo. 4«. 6d. 

Anthologia Latlna. A Selection of Choice Latin Poetry, from 

Naayins to Boethios, with Notes. By Bev.F.Bt. John Thackeray. Beriaed 
and Oheaper Edition. 16mo. 48. 6d. 

By H. a. Holden, LL.D. 

FoUorum SUyola. Part I. Passages for Translation into Latin 

Blegiao and Heroic Terse. lOthBdition. PostSvo. 7a. 6d. 
Part II. Select Passages for Translation into Latin Lyrio 

and Comic Iambic Yerse. 3rd Edition. PostSvo. Se. 
Folia SUvuls, siye Eclog» Poetarom AngUcomm in Latinnm et 

Gnecnm conversie. Sro. Vol. II. 48. 6d. 
Foliomm OenturisB. Select Passages for Translation into Latin 

and Greek Prose. 10th Edition. PostSro. Ss. 






TRANSLATIONS, SELECTIONS, &o. 

Many of the following books are well adapted for School Prizes. 
JKiohylus. Translated into English Prose by F. A. Paley, M.A., 

LL.D. 2nd Edition. 8yo. 78. 6d. 

Translated into English Yerse by Anna Swanwiok. 4th 

Edition. Post Sro. 58. 

Horace. The Odes and Carmen S»calare. In English Yerse by 

J. Oonington, M.A. 10th edition. Fcap. 870. $8. 6d. 
The Satires and Epistles. In English Yerse by J. Coning- 

ton, M.A. 7th edition. 68. 6d. 

Odes. Englished and Imitated by various hands. Is. 6e2. 



Plato. Gbrgias. Translated by E. M. Cope, M.A. 8yo. 2nd Ed. 7«. 
Philebus. Trans.byF. A. Paley,M.A.,LL.D. Sm. 8vo. 4«. 

The8Btetus. Trans. byF.A.Paley,M.A.,LL.D. Sm.Svo. 4«. 

Analysisandlndexof theDialognes. By Dr. Day. Post8vo.5«. 

Sophocles. (Edipus Tyrannus. By Dr. Kennedy. 1«. 

The Dramas of. Bendered into English Verse by Sir 

George Young, Bart, M.A. 8vo. 128. 6d. 

TheoorltuB. In English Yerse, by 0. S. Oalverley, M.A. New 

Edition, reyised. Grown 8yo. 78. 6d. 

Translationg into English and Latin. By 0. S. Oalyerley, M.A. 

PoBt 8vo. 78. 6d. 
Translations into English, Latin, and Greek. By B. 0. Jebb, M.A., 

H. Jack«on, Litt.D., and W. E. Gnrrej, M.A. Second Edition. 8s. 
Extracts for Translation. By B. C. Jebb, M.A., H. Jackson, 

Litt.D., atid W. E. Currey, M.A. 4s. Sd. 
Between Whiles. Translations by Bey. B. H. Kennedy, D.D. 

2nd Edition, revised. Grown 8to. 5s. 

Sabrinae Corolla in Hortulis Begiae Scholae Salopiensis 

Gontexaerant Tres Viri Floribns Legendis. Fourth Edition, thoronghly 
Revised and Rearranged. With many new Pieces and an Introdnction. 

{_Ready immediately. 

REFERENCE VOLUMES. 

A Latin Qramxnar. By Albert Harkness. Post 8vo. ts, 

By T. H. Key, M.A. 6th Thousand. Post 8vo. 8#. 

A Short Latin Qrammar for Sohools. By T. H. Key, M.A. 

F.B.S. 16th Edition. PostSvo. 88.6d. 
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A Quide to the Oholoe of OlasBloal Books. By J. B. Mayor, M.A. 

3rd Edition, with a Supplementary List. Grown Sro. 4«. 6d. Bapple- 
meatary List separately, It. 6d. 

The Theatre of the Ghreeka. By J. W. Donaldson, D.D. 8ih 

Edition. Post 8yo. Ss. 

Keightley'B Mythology of Qreeee and Italy. 4th Edition. 6«, 

CLASSICAL TABLES. 

Latin Aocidenoe. By the Bey. P. Frost, M.A. It. 

Latin Versification. It. 

Notabilia Qiuedam; or the Principal Tenses of most of the 

Irregolar Greek Verbs and Elementary Greek, Latin, and French Ckm- 

stmction. "Sow Edition. Is. 

Richmond Rules for the OYldianDl8tioh,<!to. By J. Tate, M.A. Is, 

The Principles of Latin Syntax. It. 

Qreek Verbs. A Catalogue of 'Verbs, Irregular and Defeotiye. By 

J. S. Baird, T.O.D. 8th Edition. 2s. 6d. 
Qreek Accents (Notes on). By A. Barry, D.D. New Edition. It. 
Homeric Dialect. Its Leading Forms and Peonliarities. By J. 8. 

Baird, T.G.D. Kew Edition, by W. G. Rutherford, LL.D. Is. 

Qreek Accidence. By the Bey. P. Frost, M.A. New Edition. It. 
CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetic for Schools. By C. Pendlebury, M.A. 3id Edition, 
revised and stereotyped, with or without answers, 48. 6d. Or in two 
parts, 28. 6d. each. 

ExAHPLES (nearly 8000), without answers, in a separate yoL Ss. 

In use at St. Panl's, Winchester, Charterhouse, Merchant Taylors', 
Christ's Hospital, and Manchester Grammar, and at many other 
Schools and Colleges. 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 4tb 
Edition. 6s. 

Euclid. Books I. -VI. and part of Books XI. and XIL By H. 
Deighton. 48. 6d. Key (for Tutors only), 58. Books I. and II., 28. 

Euclid. Exercises on Euclid and in Modem Geometry. By 
J. McDowell, M.A. 3rd Edition. 68. 

Trigonometry. Plane. By Bev.T.Vyvyan,M.A. 8rdEdit. 8«. 6<f. 

Geometrical Conic Sections. By H. G. Willis, M.A. Man- 
chester Grammar School. Ss. 

OonicB. The Elementary Geometry of. 5th Edition, revised and 
enlarged. By C. Taylor, D.D. 4s. 6d. 

Solid G^ometiry. By W. S. Aldis, M.A. 4th Edit, revised. 6f. 

Geometrical Optics. By W. S. Aldis, M.A. 3rd Edition. 4s, 

Rigid Dynamics. By W. S. Aldis, M.A. 4a, 

Elementary Dynamics. By W.Garnett,M.A.,D.C.L. 5th Ed. 6«. 

Dynamics. A Treatise on. By W. H. Besant, D.Sc, F.R.S. 7f . 6d. 

Heat. An Elementary Treatise. By W. Gamett, M.A., D.C.L. 4th 

Edition. 48. 

Elementary Physics. Examples in. By W. Gallatly, M.A. 4«. 
Hydromechanics. By W. H. Besant, D.Sc, F.B.S. 4th Edition. 

Part L Hydrostatics. Ss. 
Mathematical Examples. By J. M. Dyer, M.A., Eton College, 

and B. Prowde Smith, M.A., Cheltenham College. Qa, 
Mechanics. Problems in Elementary. By W. Walton, M.A. ^. 
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CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Student*, 

Arithmetio. B7Bey.C.£lBe6,M.A. Foap. Sva 13th Edit. 8t.M. 

By A. Wrigley, M.A. 8«. 64. 

•^^— A Progressive Conrse of Examples. With Answen. By 
J. Watson, M.A. 7tb Bdition, revised. By W. P. Gondie, B.A. 9i. ei. 

Algebra. By the Bey. C. Elsee, M.A. 7th Edit. 4f. 

Progressiye Conrse of Examples. By Bey. W. F. 

M'Michael, M.A., and B. Prowde Smith. M.A 4th Bdition. St. 62. WA 
Answers. 4<.6d. 

Plane Astronomy, An Introduction to. By P. T. Biain, MJL 

5th Edition. 4s. 

Ck>nic Sections treated Geometrically. By W. H. Besant, D.Sa 

6th Bdition. 48. 6d. Solution to the Examples. 4c. 

Enonciations and Figures Separately. 1«. 6d. 

StatioB, Elementary. By Bey. H. Goodwin, D.D. 2nd Edit 3a 

Hydrostatics, Elementary. By W. H. Besant, D.So. 13th Edit 4«. 

Mensuration, An Elementary Treatise on. By B.T.Moore, MA. 34.6d. 

Newton's Prlncipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M JL SXk 
Edition, by P. T. Main, M.A. 4«. 

Analytical Geometry for Schools. By T. G.Yyyyan. 5th Edit 4«.6»L 

Greek Testament, Companion to the. By A. C. Barrett, M.A 

5tb Bdition, revised. Foap. 8vo. Ss. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the. By W. G. Humphry, B.D. 6th Edition. Foap. 8vo. 2s. 6d. 

Music. Text-book of. By Professor H. C. Banister. 14th Edition* 

revised. 58. 

Concise History of. By Bey. H. G. Bonayia Hunt 

MuB. Doo. Dublin. 9th Edition revised. 38. 6d. 



ARITHMETIC AND ALGEBRA. 

See also the two foregoing Series, 

Arithmetic, Examination Papers in. Consisting of 140 papers, 
each containing 7 questions. 357 more diffioult problems follow. A ool- 
lection of recent PubUc Examination Papers are appended. By 0. 
Pondlebury, M.A. 2h. 6d. Key, 58. 

Oraduated Exercises in Addition (Simple and Compound), ^y 
W. S. Beard, G. S. Dept. Rochester Matbematioal School. l8. 
For Candidates for Convmercial CertiJicaUs av^d CivH 8eroio9 ExamM, 



BOOK-KEEPING. 

Book-keeping Papers, set at various Public Examinations. 

Collected and Written by J. T. Medhurst, Lecturer on Book-keeping m 
the City of Loudon College. 3e. 

▲ 2 
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GEOMETRY AND EUCLID. 

SuoUd. Books I.-YI. and part of XL and XII. A New Trans- 
iKtum. By H. Deighton. Books I. and 11. separately, 28. (See p. 8.) 

— The Definitions of, with Explanations and Exercises, 

and an Appendix of Bxeroiaes on the linlb Book. By B. Webb, M.A. 
Orown 8vo. Is. Qd. 

Book I. With Notes and Exercises for the use of Pre- 
paratory Sdiools, ko. By Braithwaite Amett, M.A. Svo. 4a. 6d. 

The First Two Books explained to Beginners. By G. P. 



]fafion,B.A. 2nd Edition. IVsap. 8to. 2s. 6d. 

Tlie EniinoiatlonB and Figures to Euclid's Elements. By Bev. 
J. BraflBe* D.D. New Edition. Foap.Svo. Is. Witlu>at the Figiures, 6d. 

■xaraiBeB on EuoUd and in Modem G^ometary. By J. McDowell, 

B.iL Grown Syo. Srd Edition reriaed. Gs. 
Geometrical Ck>nio Sections. By H. G. Willis, M.A. (See p. 8.) 
Geometrical Ckmlo SeotlonB. By W. H. Besant, D.Sc. (See p. 9.) 
Elementary Geometry of Oonica. By G. Taylor, D.D. (See p. 8.) 
An Introduction to Ancient and Modem Geometry of Conies. 

ByO. Taylor, D.D., Master of St. John's Coll., Gamb. 8to. ISs. 

Sotuttons of Geometrical Problems, proposed at St. John's 
€l6Uegr<^ from 1890 to 1S46. By T. Gaskin, M.A. 8vo. 128. 



TRIGONOMETRY. 

trigonometry, Introdaction to Plane. By Bev. T. G. Yyvyan, 
Oharterhonse. Srd Edition. Or. Syo. Ss. 6d. 

An Elementary Treatise on Mensuration. By B. T. Moore, 

MJL Ss.ed. 

Trigonometry, Examination Papers in. By G. H. Ward, M.A., 
Assistant Master at St. Paul's School. Grown 8vo. 28. 6d. 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Qeometry. By W. P. 

Tnmbnll, M.A. Sro. 128. 

ProUema on the Prlndplea of Plane Ck>-ordlnate Geometry. 

^y W. Walton, M.A. 8vo. 16s. 

MUnear Ck>-orcUnate8, and Modem Analytical Geometry of 

Two DimenaionB. By W. A. Whitwortb, M.A. 8vo. 18s. 

An Klementary Treatise on Solid Geometry. By W. S. Aldis, 

MJL 4th Edition rerised. Or. 8vo. 68. 

MOtpVUi FoncttonB, Elementary Treatiae on. By A. Gayley, D.Sc. 
Professor of Pare Mathematics at Cambridge UniTersity. Demy 8ro. 15b. 
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MECHANICS & NATURAL PHILOSOPHY. 
Statlos, Elementary. By H. Gkxxlwm, DJ). Foap. 8to. 2nd 

Bdition. St. 

Dynamiofl, A Trefttiae on Elementary. By W. Gamett, M.A., 
D.O.L. 5th Bdition. drown 8to. 68. 

Dynamioa. ^igid. By W. S. Aldis, M.A. 4«. 

Dynamics. A Treatise on. By W. H. Besant, D.So.,F.B.S. 7«. 6(2. 

Elementary MechanicB, Problems in. By W. Walton, M.A. New 

Bdition. Grown Svo. 6s. 

Theoretioal Meohanloa, Problems in. By W. Walton, M.A. 3rd 

Bdition. Demy Syo. Ifis. 

Hydrostatioa. ByW.H.Be8ant,D.Sc. Fcap.Svo. 13thEdition. 4». 
Hydromechanloa, A Treatise on. By W. H. Besant, D.Sc, F.B.S. 

8vo. 4th Bdition, revised. Part I. HydrostaticB. 5s. 

Hydrodynamics, A Treatise on. Vol. L lOs. 6d. ; Vol. n. 12«. 6(2. 

A. B. Basset, M.A. 

Optlos, Geometrical. By W. 8. Aldis, M.A. Crown 8yo. 3rd 

Bdition. 4». 

Double Befiractlon, A Chapter on FresneFs Theory of. By W. 8. 

Aldis, M.A. 8vo. 2s. 

Heat, An Elementary Treatise on. By W. Gamett, M.A. , D.C.L. 

Grown Syo. 4th Bdition. 48. 

Elementary Physics. By W. Gallatly, M.A., Asst. Ezamr. at 
London Universitj. 48. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Bleventh Sections. By J. H. Brans, M.A. 5th 
Bdition. Bdited by P. T. Main, M.A 48. 

Astronomy, An Introduction to Plane. By P. T. Biain, BIA. 

Foap. Syo. cloth. 5th Bdition. 48. 

Practical and Spherical By B. Main, M.A. 8vo. lii. 

Mathematical Examples. Pure and Mixed. By J. M. Dyer, M. A. , 
and K. Prowde Smith, M.A. 68. 

Pare Mathematloa and Natural Philosophy, A Compendium of 

Facts and Formnlas in. Bj G. B. Smalley. 2nd Bdition, revised by 
J. McDowell, M.A.. Fcap. Svo. Ss. 6d. 

Elementary Mathematical Formulse. By the Bev. T. W. Open- 

sfaaw, M.A. Is. 6d. 

lOementary Ck>urse of Mathematlos. By H. Goodwin, DJ). 

eth Bdition. 8vo. 16s. 

Problems and Examples, adapted to the * Elementary Course of 

Mathematics.' 3rd Bdition. 8to. 5s, 

Solutions of Gkxxiwin's Ck>lleotion of Problems and Examples. 

By W. W. Hntt, M. A. Srd Bdition, revised and enlarged. 8vo. Os. 
A Collection of Examples and Problems in Arithmetic, 

Algebra, Geometry, Logarithms, Trigonometry, Gonio Sections, Mechanics, 
ko., with Answers. By B«v. A. Wrigley. 20th. Thousand. Ss. 6d. 
Key. lOs 6d 

Soienoe Examination Papers. Part I. Inorganic Chemistry. By 

B. B. Steel, M.A, F.G.S., Bradford Grammar School. Grown 8vo. 28. 6d. 
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TECHNOLOQICAL HANDBOOKS. 

Edited by H. Tbueman Wood, Secretary of the Society of Arts. 
Dyeing and Tissue Printing. By W. Crookes, FJB.S. 5«. 
Glass Manufacture. By Henry Chance, M.A.; H. J. Powdl, BJL; 

and H. G. Harris. Ss. 6d. 

Cottnn Spinning. By Bichard Marsden, of Manchester. 3rd 
Edition, reriBed. 68. 6d. 

Chemistry of Coal- Tar Colours. By Prof. Benedikt, and Dr. 

Kneoht of Bradford Technical Ooliege. 2nd Edition, enlarged, fis. 6d. 

Woollen and Worsted Cloth Manu&cture. By Boberts Beau- 
mont, Assistant Lecturer at Yorkshire College, Leeds. 7s. 6d. 

Cotton Weaving. By R. Marsden. [In the pre8». 

Colour in Woven Design. By Boberts Beaumont. [In the press. 

Bookbinding. By Zaehnsdorf. ' [Preparing, 

Others in preparation. 



HISTORY, TOPOGRAPHY, &c. 

Rome and the Gampagna. By B. Bom, M.A. With 85 En- 
gravings and 26 Maps and Plans. With Appendix. 4ito. 2l8. 

Old Rome. A Handbook for Travellers. By B. Bum, M.A. 
With Haps and Plans. Demy 8vo. 5s. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 
oontinoed. 5 rols. Demy Svo. 21. 12s. 6d. 

The History of the Kings of Rome. By Dr. T. H. Dyer. 8va 16f . 

The History of Pompeii: its Buildings and Antiquities. By 
T. H. Dyer. 3rd Edition, brought down to 1874. Post Svo. 78. 6d. 

The City of Rome : its Histoiy and Monuments. 2nd Edition, 
revised by T. H. Dyer. 5s. 

Andent Athens: its History, Topography, and tlemains. By 
T. H. Dyer. Super-royal Svo. Gloth. 78. 6d. 

The Decline of the Roman Republic. By G. Long. 6 vols. 

8yo. 58. each. 

Historical Maps of England. By C. H. Pearson. Folia 8rd 
Edition revised. 3l8. 6«l. 

History of England, 1800^46. By Harriet Martineau, with new 
and copious Index. 5 vols. Ss. 6d. each. 

A Practical Synopsis of English History. By A. Bowes. 9th 

Edition, revised. Svo. Is. 

ZJves of the Queens of England. By A. Strickland. Libraiy 
Edition, 8 vols. 78. 6d. each. Cheaper Edition, 6 vols. Ss. each. A.bridired 
Edition. 1 vol. 68. 6d. Mary Queen of Scots, 2 vols. 5s, each. Tudor and 
Stuart Princesses, 58. 
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Sglnhard's Idfe of Earl the Great (Oliarlemagne). Translated, 

with Notes, by W. Glaister, M.A., B.O.L. drown Sro. 48. 6d. 

The Elements of (General History. Bj Prof. Tytler. New 
Bdition, brought down to 1874. Small Post Svo. 3«. 6(1. 

History and Geography Examination Papers. Compiled by 
G. H. Spence, M.A., Clifton College. Crown 8yo. 2s. 6d. 



PHILOLOGY. 

WEBSTER'S DIGTIONARY OF THE ENGLISH LAN- 

GUAGB. With Dr. Mahn's Etymology. 1 vol. 1628 pages, 3000 nins- 
trations. 2l8. ; half calf, 30s. ; calf or hnlf mssia, 31s. 6d. ; rossia, 22. 
With Appendices and 70 additional pages of Illnstrations, 1919 pages, 
31s. 6d. ; half calf, 21. ; calf or half mssia, 21. 2s. ; mssia, 21. 10s. 

* Thb bbst practical EveusH Dictionabt kxtavt.' — Quarterly JBeotmo, 1873. 

ProQiectnses, with specimen pages, post free on application. 

Richardson's Philological Dictionary of the English Language. 
Combining Explanation with Ethology; and copiously illustrated by 
Quotations from the best Authorities. With a Supplement. 2 vols. 4to. 
6. 14c. 6d. Supplement separately. 4to. 12s. 

Brief History of the English Language. By Prof. James Hac([ey, 

LL.D., Yale Collie. Fcap. 8vo. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 

21st Edition. Post8TO. 4c. 6d. 

Philological Essays. By T. H. Key, M.A., F.B.S. 8yo. 10«. 6d. 

Synonyms and Antonyms of the English Language. By Arch- 
deacon Smith. 2nd Edition. Post 8yo. 5s. 

Synonyms Discriminated. By Archdeacon Smith. Demy 8yo. 

2nd Edition revised. 148. 

Bible English. Chapters on Words and Phrases in the Bible and 
Prayer Book. By Ber. T. L. O. Davies. 5s. 

The Queen's English. A Manual of Idiom and Usage. By the 

late Dean Alf ord. 6th Edition. Fcap. 8yo. Is. sewed. Is. 6d. cloth. 

A History of English Rhythms. By Edwin Guest, M. A., D.C.L. 
LL.D. New Edition, by Professor W. W. Skeat. Demy 8vo. ISs. 

Elements of Comparative Grammar and Philology. For Use 
in Schools. By A. C. Price, M.A., Assistant Master at Leeds Grammar 
SchooL Crown 8vo. 2s. 6d. 

Questions for Examination in EngUsh Literature. By Prof. 
W. W. Skeat. 2nd Edition, revised. 28. 6d. 

L Syriao Grammar. By G. PhillipSi D.D. 8rd Edition, enlarged. 

8vo. 7s. 6d. 
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DIVINITY, MORAL PHILOSOPHY, Ac. 

By the Bey. F. H. Scbiyeneb, A.M., LL.D., D.C.L. 

NoTom Testamentam Gneoe. Editio major. Being an enlarged 
Edition, contaiiiiiig the Readings of Westoott and Hort, and those adopted 
by the Revisers, &c. 78. 6d. For other Editiont see page 3. 

A Plain Ihtroduotion to the Orltlolsm of the New Testament. 

With Forty Facsimiles from Andent Mannsoripts. 3rd Edition. Syo. ISs. 

Six Leotores on the Text of the New Testament For English 

Beaderg. Crown Svo. 6s, 

Oodex Bez» Gantabrlgiensis. 4to. 26«. 



The New Testament for English Readers. By the late H. Alford, 

D.D. YoL I. Part I. 3rd Edit. 128. Vol. I. Part II. 2nd Edit. 10s. 6d. 
YoL n. Part 1. 2nd Edit. 168. VoL II. Part n. 2nd Edit. 168. 

The Greek Testament By the late H. Alford, D.D. YoL I. 7th 

Edit. 11. 8«. Vol. II. 8th Edit. 11. 48. Vol. HI. 10th Edit. IBs. Vol. IV. 
Part I. 5th Edit. IBs. Vol. IV. Part II. 10th Edit. 14a, VoL IV. 11. 128. 

Ckynpanlon to the Greek Testament By A. G. Barrett, M.A. 

5th Edition, revised. Fcap. 8vo. 58. 

The Book of Psalms. A New Translation, with Introdnotions, <feo. 
By the Very Rev. J. J. Stewart Perowne, D.D. 8vo. VoL I. 6th Edition. 
188. VoL II. 6th Edit. 168. 

Abridged for Schools. 6th Edition. Grown 8vo. 10«. 6<i. 



History of the Artloles of BeUglon. By G. H. Hardwiok. 3rd 
Edition. Post 8vo. 58. 

History of the Creeds. By J. B. Lmnby, DD. 3rd Edition. 

Grown 8vo. 78. 6d. 

Pearson on the Greed. Carefully printed from an early edition. 

With Analysis and Index by E. Waif ord, M.A. Post 8vo. 58. 

Liturgies and Offices of the Church, for the Use of English 
Readers, in Illnstration of the Book of Common Prayer. By the Rev. 
Edward Borbidge, M.A. Crown 8vo. 98. 

An Historical and Explanatory Treatise on the Book of 

Common Prayer By Rev. W. G. Humphry, B.D. 6th Edition, enlarged. 
Small Post 8vo. 28. 6d. ; Cheap Edition, Is. 

A Oommentary on the Gospels, Epistles, and Acts of the 
Apostles. By Rev. W. Denton, A.M. New Edition. 7 vols. 8vo. 98. each. 

Notes on the Catechism. By Bt BeY. Bishop Barry. 8th Edit. 
Foap. 28. 

The Winton Church Catechlst Questions and Answers on the 
Teaching of the Church Catechism. By the late Rev. J. S. B. Monsell, 
LL.D. 4th Edition. Cloth, 38. ; or in Four Parts, sewed. 

The Church Teacher's Manual of Christian Instruction. By 

Rev. M. F. Sadler. 38th Thousand. 28. 6d. 
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FOREIGN CLASSICS. 

A Series for use in Schools^ with English Notes, grammatical and 
explanatory t and renderings ofdifjkuU idiomatic expressions. 

Feap, Svo, 

Schiller's Wallenstein. Bj Dr. A. Buchheixn. 5th Edit. 5«. 
Or the Lager and Pioeolomini, 28. 6d. WaUenstein's Tod, 28. 6d. 

Maid of OrleaziB. Bj Dr. W. Wagner. 2nd Edit. Is. 6<l. 

— ^ Maria Stuart By Y. Eastner. 2nd Edition. Is. 6d. 
Qoethe's Hermazm and Dorothea. By E. Bell, M.A., and 

B.WdlfeL l8. 6d. 
Qerman Ballads, from Uhland, Gk)ethe, and Schiller. By C. L» 

Bielefeld. 3rd Bdition. U 6d. 
Oharles XIL, par Voltaire. By L. Direy. 7th Edition. Is. 6(2. 
Ayentnres de T616maque, par F6n61on. By 0. J. Delille. 4th 

Bdition. 28. 6d. 

Select Fables of La Fontaine. By F. E. A. Gaso. 18th Edit. Is. 6d. 

Flooiola, by X.B. Saintine. By Dr.Dnbuo. 15th Thonsand. Is. 6<f. 

Lamartine's Le Tailleur de Flerres de Saint-Point. By 
J. Bolelle, 4th Thousand. Foap. Svo. 18. 6d. 

Italian Primer. By Bev. A. C. Clapin, M.A. Fcap. Svo. Is. 



FRENCH CLASS-BOOKS. 

IVenoh Grammar for Public Schools. By Bey. A. G. Glapm, M.A. 
Fcap. 8yo. 12th Bdition, revised. 28. 6d. 

French Primer. By Bev. A. G. Clapin, M. A. Foap. 8yo. 8th Ed. Is. 

Primer of French Philology. By Bev. A. G. Clapin. Fcap. 8yo. 

4th Edit. l8. 

Le Nouveau Tr6sor; or, French Student's Companion. By 

M. B. S. 18th Bdition. Fcap. Svo. Is. 6d. 

French Examination Papers in Miscellaneous Grammar and 
Idioms. Oompiled by A. M. M. Stedman, M.A. 4th Bdition. Crown 
8to. 28. 6d. 

Key to the above. By G. A. Schrumpf, Univ. of France. Crown 
8yo. 58. (For Teachers or Private Stndente only.) 

Manual of French Prosody. By Arthur Gosset, M.A. Crown 

8vo. 38. 

Lexicon of Conversational French. By A. Holloway. 2ndi 

Bdition. Grown Svo. 48. 

PBOF. A. BARBEBE'S FBENCH COURSE. 

Elements of French Grammar and First Steps in Idiom. 
Crown Svo. 28. 

Precis of Comparative French Grammar. 2nd Edition. Crown^ 

Svo. 38. 6d. 

Junior Graduated French Course. Crown 8yo. Is. Qd. 
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F. E. A. GASG'S FRENCH GOUBSE. 

First French Book. Fcap. Syo. 98th Thousand. U. 

Second French Book. 47th Thonsand. Fcap. 8vo. Is, 6d. 

Key to First and Second French Books. 5th Edit. Fcp.Svo. S«.6d. 

French Fables for Beginners, in Prose, with Index. 16th Thousand. 
12mo. l8. 6d. 

Select Fables of La Fontaine. 18th Thonsand. Fcap.8yo. l«.6d. 

HiBtoires Amusantes et Instmctiyes. With Notes. 16th Thon- 
sand. Foap. Syo. 28. 

Practical Guide to Modem French GonverBation. 17th Thou- 
sand. Foap. Syo. Ib. 6d. 
French Poetry for the Toung. With Notes. 5th Edition. Foap. 

Sto. 2s. 

Mi^terlals for French Prose Gomposition; or, Selections from 

the best BiiRlish Prose Writers. 19th Thons. Foap. 8vo. St. Key, da. 
Prosateurs Gontemporalns. With Notes. 10th Edition, re- 

yised. 12ino. 3s. 6d. 

Le Petit Gompagnon ; a French Talk-Book for Little ChildreB. 

12th Thousand. 16mo. Is 6d. 

An Improved Modem Pocket Dictionary of the French and 

English Langna^^. 45th Thousand. 16mo. 2s. 6d. 

Modem Frencn-Englisn and English-French Dictionary. 4th 

Edition, revised, with new supplements. 10s. 6d. 

The ABC Tourist's French Interpreter of all Immediate 

Wants. By F. £. A. Gaso. Is. 

MODERN FRENCH AUTHORS. 

Edited, with Introductions and Notes, by JAtfES Boielle, Senior 
French Master at Dulwich College. 

Daudet's La Belle Nivemaise. 2s, 6d. For Beginners, 

Sugo's Bug Jargal. 3«. For Advanced Students. 



GOMBERT'S FRENCH DRAMA. 

Being a Selection of the best Tragedies and Comedies of Molidre, 
Racine, Gomeille, and Voltaire. With Annunents and NotM by A. 
Gombert. New Edition, revised by F. B. A. Gasc. Fcap. 8to. Is. eadhj 
sewed, 6d. Contewts. 

MoLiBBB : — Le Misanthrope. L'Avare. Le Bourgeois Gentilhonmia. Le 
"Tartuffe. Le Malade Imaginaire. Les Femmes Savantee. Lea Fonrberiea 
<de Scapin. Les Pr^euses Ridicules. L'Boole des Femmes. L'Boolo des 
Maris. Le MMecin malgr^ Lui. 

Racine :—PhMre. Esther. Athalie. IphigAiie. Les PlaidenrB. L» 
Th^baide ; ou» Les Frdres Bnnemis. Andromaque. BritaaniouB. 

P. GoBKEZLLE:— LeGid. Horace. Ginna. Polyencte. 

VOLTAiBE .—Zaire. 

GERMAN CLASS-BOOKS. 

A Concise German Grammar. By Frz. Lange, Ph.D., Professor 

R.M.A. Woolwich. In three Parts. Part I. Elementary. 28. Part U. 
Intermediate. Is. 6d. Now ready. Part III. Advanced. In the press. 

Materials for German Prose Gomposition. By Dr. Buchheim. 

12 th Edition, thoroughly revised. Foap. 48. 6d. Key, Farts I. and II., 8s. 
Parts III. and IV., is. 
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German Conversation Grammar. By I. Sydow. 2nd Edition. 

Book I. Etymology. 2a, 6d, Book II. Syntax. Is. 64. 

Wortfolge, or Bulea and Exercisea on the Order of Words in 

Oerman Sentences. By Dr. F. Stock. Is. 6d. 

A German Grammar for Pabiic Schools. By the Bev. A. G. 

OlapinandF. HollMtOler. 5tli Edition. Fcap. 2s. 6d. 

A German Primer, with Ezeroises. By Bev. A. G. Glapin. Is. 
Kotiebue's Der Gtofimgene. With Notes by Dr. W. Stromberg. Is, 
German Examination Papers in Grammar and Idiom. By 

B. J. Morich. 2s. 6d. Key for Tutors only, 58. 

German Examination Course. By Prof. F. Lange, Ph.D. 
Elementary, Ss. Intermediate, 2s. Advanced, Is. 6d. 

German Progressive Course. By Prof. F. Lange. Elementary 
Reader, Is. 6d. Intermediate and Advanced {in the press). 



MODEBN GEBMAN SCHOOL CLASSICS. 

Small Crown 8vo. 

Hoy's Fabein Piir Kinder. Edited by Prof. F. Lange, Ph.D. Is, 64. 

Benedix's Dr. Wespe. Edited by F. Lange, Ph.D. 2s, 6d, 

HofOoian's Meister Martin, der Eiif oer. By Prof. F. Lange, Ph.D. 

U6d. 
Heyse's Hans Lange. By A. A. Macdonell, M.A., Ph.D. 2s, 
Auerbaoh'a Auf Wache, and Boquette's Der Gefrorene Euss. 

By A A. Macdonell, M. A 2s. 

Moser's Der Bibliothekar. By Prof. F. Lange, Ph.D. 2s, 

Ebers' Elne Frage. By F. Storr, B.A 2s. 

Freytag's Die Joumalisten. By Prof. F. Lange, Ph.D. 2s, 6d. 

Gutzkow's Zopf und Schwert. By Prof. F. Lange, Ph.D. 2s, 

German Epio Tales. Edited by Earl Neuhaus, Ph.D. 2s. 6d, 

Humoresken. Novelletten der besten deutschen Hnmoristen der 
Gegenwart. Edited by A A Macdonell, M.A Ozon. Authorised Edition. 

[^In preparation. 

ENGLISH CLASS-BOOKS. 

Oomparatlve Grammar and Philology. By A. G. Price, M.A., 

Assistant Master at Leeds Grammar School. 28. 6d. 

The Elements of the English Language. By E. Adams, PhJ>. 

21st Edition. FostSro. 4s. 6d. 

The Rudiments of English Grammar and AnalyslM. By 

B. Adams, Fh.D. 16th Thousand. Fcap. 8to. Is. 
A Concise System of Parsing. By L. E. Adams, B.A. Is. 6d. 

General Knowledge Examination Papers. Compiled by 
A. M. M. Stedman, M.A. 2s. 6d. 

Examples for Grammatical Analysis (Verse and Prose). Se- 
lected, &o., by F. Edwards. New edition. Cloth, Is. 

Kotes on Shakespeare's Plays. By T. Doff Barnett, B.A. 

Midsummer Night's Dream, Is.; Julius Csesar, Is.; Henry Y., Is.; 
Tempest, Is. ; Macbeth, Is. ; Merchant of Tenice, Is.; Hamlat, Is. 
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By G. P. Mason, Fellow of XJniy. Ck>ll. London. 
First NotlonB of Grammar for Yoong Leamera. Foap. 8vo. 

41st to 46th Thousand. Oloth. 9«L 

First Steps In Ungllsh Grammar for Junior Classes. Demy 

18mo. 44th Thousand. Is. 

Outlines of English Grammar for the Use of Junior Glasses. 

71st to 76th Thousand. Grown Svo. 28. 
English Grammar, including the Principles of Grammatical 

Analysis. 30th Edition. 125th to IdOth Thousand. Grown 8to. St. 6d. 
Practice and Help in the Analysis of Sentences. 28. 
A Shorter English Grammar, with copious Exercises. 34th 

to 38th Thousand. Grown 8vo. Ss. 6d. 

English Grammar Praotloe, being the Exercises separately. U. 
Code Standard Grammars. Parts I. and n., 2d. each. Parts m., 

IV., and v., 3d. each. 

Notes of Lessons, their Preparation, &c. By Jos^ Bickard, 
Park Lane Board School, Leeds, and A. H. Taylor, Bodley Board 
School, Leeds. 2nd Edition. Grown Svo. 2s. 6d. 

A S7llal:do System of Teaching td Read, combining the advan- 
tages of the ' Phonic ' and the ' Look-and-Say ' Systems. Grown Sto. Is. 
PracUoal Hints on Teaching. By Bey. J. Menet, M JL 6th Edit. 

revised. Grown 8to. paper, 2s. 
How to Earn the Merit Grant. A Manual of School Manage- 
ment. By H. Major, B.A., B.Sa Part I. (3rd Edit.) Infant School, 38. 
Part II. ^d Bdit. reyised) , 48. Gomplete, 68. 

Test Lessons in Dictation. 4th Edition. Paper cover, 1«. 6d. 
Drawing Copies. By P. H. Delamotte. Oblong 8to. 12$. Sold 

also in parts at Is. each. 
Poetry for the Schoolroom. New Edition. Fcap. Svo. 1«. 6i. 

The Botanist's Pocket-Book. With a copious Index. By W. B. 

Hayward. 6th Edition, revised. Grown Svo. cloth limp. 48. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stookhardt. 

By G. W. Heaton. Post Svo. Ss. 
Lectures on Musical Analysis. Sonata-form, Fugue, &c. By 

Prof. H. G. Banister. 2nd Edition, revised. 78. 6d. 



GEOGRAPHICAL SERIES. By M. J. Barmngton Ward, M.A. 

With Illustrations. 

The Map and the Compass. A Reading-Book of Geography. 

For Standard I. ISew Edition, revised. 8d. cloth. 
The Round World. A Reading-Book of Geography. For 

Standard II. lOd. 
About England. A Reading Book of Geography for Standard 

III. [In the press. 

The Child's Geography. For the Use of Schools and for Home 

Tnition. 6d. 

The Child's Geography of England. With Introductory Exer- 
cises on the British Isles and Empire, with Questions. 28. 6d. Without 
Questions, 28. , 

Geography Examination Papers. (See History and Geography 

Papers, p. 12.) 
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Helps' Course of Poetry, for Schools. A New Selection from 
the English Poets, carefully compiled and adapted to the seyeral standards 
by B. A. Helps, one of H.M. Inspectors of Schools. 

Book I. Infants and Standards I. and II. 134 pp. small 8vo. 9d. 

Book II. Standards III. and lY. 224 pp. crown 8vo. Is. 6d. 

Book III. Standards v., VI., and VII. 352 pp. post 8vo. 2s. 

Or in PARTS. Infants, 2d. ; Standard I., 2d. ; Standard II., 2d. 
Standard III., 4d. 



Picture Sohool-Books. In Simple Language, with numerous 

Illnstrations. Buyal 16mo. 
The Infant's Primer. 3d.— School Primer. 6d.— School Reader. By J. 
TiUeard. Is.— Poetry Book for Schools. Is.— The Life of Joseph. Is.— The 
Scripture Parables. By the Bey. J. B. Olarke. Is.— The Scripture Miracles. 
By the Bey. J. B. Clarke. Is.— The New Testament History. By the Bey. 
J. G. Wood, M.A. Is.— The Old Testament History. By the Bey. J. O. 
Wood, M.A. Is.— The Story of Bunyan's Pilgrim's Progress. Is.— The Life 
of Martin Luther. By Sarah Orompton. Is. 



BOOKS FOR YOUNG READERS. 

A Series of Reading Books designed to facilitate the acquisition ofthepower 
ofEeadin^g by very yovmg Children, In 11 vols, limp cloth, 6d, each. 

Those with an asterisk haye a Frontispiece or other Illustrations. 

*The Old Boathouse. BeU and Fan; or, A Cold Dip. 
*Tot and the Cat A Bit of Cake. The Jay. The 

Black Hen's Nest. Tom and Ned. Mrs. Bee. \ j^uitaUs 

*The Gat and the Hen. Sam and his Dog Bedleg. f rJf^ 

Bob and Tom Lee. A Wreck. 

*The New-born Lamb. The Rosewood Box. Poor 

Fan. Sheep Dog. 



ItifanlU, 



) 



♦The Two Parrots. A Tale of the Jubilee. By M. E. \ 

Wintle. 9 Illustrations. 

*The Story of Three Monkeys. 
*3tory of a Cat. Told by Herself. 

The Blind Boy. The Mute GlrL A New Tale of 

Babes in a Wood. 

The Dey and the Enlght The New Bank Note. 

The Royal Visit. A King's Walk on a Winter's Day. 

* Queen Bee and Busy Bee. 

* Gull's Crag. 

* A First Book of (Geography. By the Bev. G. A. Johns. 

Ulustrated. Double size. Is. 

Syllabic Spelling. By C. Barton. In Two Parts. Infants, 3d. 

Standard I., 3d. 
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BELL'S READINQ-BOOKS. 

FOB SCHOOLS AND FABOOHIAL LIBBABIBS. 

Now Beady. PostOvo, Strongly bound in cloth, li. each, 

*Iiife of Columbus. v 

*Ghrlmin'a German Tales. (Selected.) 
^Andersen's Danish Tales. Illustrated. (Selected.) 

Oreat Englishmen. Short Lives for Toung Children. 

Great Englishwomen. Short Lives of. 

Great Scotsmen. Short Lives of. 
*Ma8terman Ready. ByCapt. Marryat. HIus. (Abgd.) 
♦Poor Jack- By Capt. Marryat, R.N. (Abridged.) 

*Scott's Talisman. (Abridged.) 

* Friends in Fur and Feathers. By Gwynfryn. 

*Dickens's Little NeU. Abridged from the * The Old 
Gnriosity Shop.* 

*Poor Jack. By Captain Marryat, R.N. Abgd. 
Parables firom Nature. (Selected.) By Mrs. Chatty. 
Lamb's Tales from Shakespeare. (Selected.) 
Edgeworth's Tales. (A Selection.) 

* Gulliver's Travels. (Abridged.) 

* Robinson Orusoe. Illustrated. 

* Arabian Nights. (A Selection Rewritten.) J 

*The Vicar of Wakefield. v 

'Settlors in Canada. By Capt. Marryat. (Abridged.) \ 

Marie : Glimpses of Life in France. By A R. Ellis. 

Poetry for Boys. Selected by D. Munro. 
'Southey's Life of Nelson. (Abridged.) 
*Life of the Duke of Wellington, with Maps and Plans. 
*Sir Roger de Goverley and other Essays from the 

Spectator. 

Tales of the Coast. By J. Runciman. 

* T7iM« VoVtimet are Illustrated. 



StondortU 

ir.Jtv. 



Standardji 

V.VI.i 

VII. 



/ 



Uniform with the Series^ in Zimp cloth, 6c2. eacK 

Shakespeare's Plays. Eemble's Reading Edition. With Ex- 
planatory Notes for School Use. 

JULIUS OJESAR. THE MKEOHANr OF VBNIOB. KING JOHN. 
HENRY THE FIFTH. MACBETH. AS YOU LIKE IT. 



London: GEORGE B2LL ft SONS, York Street, Co vent ^Garden. 
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